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Motivation

Two desiderata for an offline RL algorithm.

I Safe Policy Improvement: with a proper hyperparameter, the learned policy should

outperform the behavioral policy. Robust Policy Improvement (RPI): safe policy

improvement holds across large hyperparameter choices.

– RPI is important for some risk-sensitive tasks like healthcare.

– RPI makes policy finetuning with additional online interactions possible.

I Learning Optimality: the learned policy should outperform the policy whose state-action

distribution is well covered by the dataset.

Existing theoretical and empirical works fail to satisfy both two properties, especially the RPI

property.
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Main Contributions

I The authors proposed a Stackelberg game formulation based on the relative pessimism.

Built upon this Stackelberg game, they developed the method adversarially trained actor

critic (ATAC).

I Theoretically, they proved that ATAC satisfies the properties of both robust policy

improvement and learning optimality.

I Empirically, ATAC has a scalable implementation, which is verified to hold the mentioned

two desiderata on D4RL benchmarks.
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Background

I Infinite-horizon discounted MDP: M = (S,A, P,R, γ, s0).

I Policy value and Q-function:

J(π) = E

[ ∞∑

t=0

γtR(st, at)|π
]
, Qπ(s, a) = E

[ ∞∑

t=0

γtR(st, at)|(s0, a0) = (s, a), π

]
.

I For a policy π, the Bellman operator T π: (T πf)(s, a) := R(s, a) + Es′∼P (·|s,a) [f(s′, π)],

where f(s′, π) = Ea′∼π(·|s′) [f(s′, a′)].

I State-action distribution: dπ(s, a) = (1− γ)E [
∑∞
t=0 γ

tI (st = s, at = a) | π].

I The data-weighted squared `2-norm: ‖f‖22,µ = E(s,a)∼µ
[
f(s, a)2

]
.
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Offline RL and Function Approximation

In the offline setting, we only have access to a pre-collected dataset D = {(s, a, r, s′)}, where

(s, a) ∼ µ = dµ, r = R(s, a), s′ ∼ P (·|s, a) and µ is the behavioral policy.

They consider the function approximation setting. The learner have access to a value function

class F ⊆ (S ×A → [0, Vmax]) and a policy class Π ⊆ (S → ∆(A)).

I Assumption 1 (Realizability): ∀π ∈ Π, Qπ ∈ F .

I Assumption 2 (Bellman Completeness): ∀f ∈ F ,∀π ∈ Π, T πf ∈ F .

I The theoretical results also hold when the above assumptions are satisfied approximately.

I These two assumptions are necessary for efficient learning with function approximation in

the offline setting. [Foster et al., 2022, Wang et al., 2021]
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Key Idea: Relative Pessimism

Optimize for the best worst-case performance compared with the behavior policy.

π̂∗ ∈ argmax
π∈Π

lower bound of︸ ︷︷ ︸
Pessimism

J(π)− J(µ)︸ ︷︷ ︸
Relative

.
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Stackelberg Game Formulation

π̂∗ ∈ argmax
π∈Π

Lµ (π, fπ)

s.t. fπ ∈ argmin
f∈F

Lµ(π, f) + βEµ(π, f)

where Lµ(π, f) := E(s,a)∼µ[f(s, π)− f(s, a)], Eµ(π, f) := Eµ
[
((f − T πf) (s, a))

2
]

is the

Bellman error and β is the hyperparameter.

I π̂∗ maximizes the value function on a ∼ π(·|s) predicted by fπ, and minimizes the value

function on a ∼ µ(·|s) predicted by fπ.

I fπ performs the relatively pessimistic policy evaluation of π compared with µ (we will prove

Lµ (π, fπ) - J(π)− J(µ)). On the one hand, the Bellman error Eµ(π, f) ensures fπ’s

Bellman consistency on data. On the other hand, Lµ(π, f) ensures fπ’s relative pessimism.
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Robust Policy Improvement

Proposition 1 (Robust Policy Improvement).

Suppose that the realizability assumption holds and µ ∈ Π, for any β ≥ 0, we have that

Lµ (π, fπ) ≤ (1− γ)(J(π)− J(µ)), ∀π ∈ Π.

Furthermore, it holds that J (π̂∗) ≥ J(µ).

I Relative pessimism: The first claim suggests that π̂? optimizes the lower bound of

J(π)− J(µ) up to constants. This lower bound is tight when π is the behavior policy µ.

I The second claim shows that the policy that solves this Stackelberg game holds the robust

policy improvement property. The RPI property is mainly due to the relative pessimism.
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Analysis

Claim I: For any π ∈ Π, Qπ ∈ F and fπ ∈ argmin
f∈F

Lµ(π, f) + βEµ(π, f), we have

Lµ(π, fπ) ≤ Lµ(π, fπ) + βEµ(π, fπ)

≤ Lµ(π,Qπ) + βEµ(π,Qπ)

= Lµ(π,Qπ) Eµ(π,Qπ) = 0

= E(s,a)∼dµ [Qπ(s, π)−Qπ(s, a)]

= E(s,a)∼dµ [−Aπ(s, a)]

= (1− γ) (J(π)− J(µ)) . policy difference lemma

Claim II: (1− γ) (J(π̂∗)− J(µ)) ≥ Lµ(π̂∗, f π̂
∗
) + βEµ(π̂∗, f π̂

∗
)

≥ Lµ(π̂∗, f π̂
∗
) Eπ̂∗(π̂∗, f π̂

∗
) ≥ 0

≥ Lµ(µ, fµ) µ ∈ Π

= 0.

Useful fact: Lµ(π, fπ) ≤ Lµ(π,Qπ) = (1− γ)(J(π)− J(µ)).
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Why Relative Pessimism Leads to Robust Improvement

Relative Pessimism:

π̂∗ ∈ argmax
π∈Π

Lµ (π, fπ)

s.t. fπ ∈ argmin
f∈F

Lµ(π, f) + βEµ(π, f)

where Lµ(π, f) := E(s,a)∼µ[f(s, π)− f(s, a)].

Absolute Pessimism (a variant of [Xie et al., 2021]):

π̃∗ ∈ argmax
π∈Π

fπ(s0, π)

s.t. f ∈ argmin
f∈F

fπ(s0, π) + βEµ(π, f)

∀π, fπ(s0, π) ≤ fπ(s0, π) + βEµ(π, f) ≤ Qπ(s0, π) + βEµ(π,Qπ) = Qπ(s0, π).
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The Perspective of Lower Bound Maximization

I For illustration, we consider the bandit problem with two actions (a1, a2, r(a1) > r(a2)).

The policy π: π(a1) = x, π(a2) = 1− x. The behavior policy µ: µ(a1) = µ, µ(a2) = 1− µ,

where µ ∈ (0, 1).

I For relative pessimism, we can ensure that the constructed lower bound is sharp at π = µ

for any β ≥ 0. Lµ(µ, fµ;β) = (1− γ) (J(µ)− J(µ)) = 0 for any β ≥ 0.

I For absolute pessimism, the constructed lower bound could be loose at π = µ for some

β ≥ 0. For example, when β = 0, fπ(s0, π) = −∞,∀π ∈ Π if F contains all state-action

functions.

whgTheilustratonthairduipessimismlead.to robustimprovment.frthegectedobjectioe.EHA.ba
luiku.at

a

北州

↑ 知州

IÉX gn
拟拟

LHTficp.li
-
戚南 知彬制 ,

•

·

⼀
抛 òtli ≥钀、

fGTD-oBCperspectioeidiscrimnatorfunetn.li
1 testfunctn (需要再去理解下 discrimnatrfnun) 。

丁们
y n i

f
'⻜啊 (P

i
˙ 批测 制

:跟:-x ,

whgTheilustratonthairduipessimismlead.to robustimprovment.frthegectedobjectioe.EHA.ba
luiku.at

a

北州

↑ 知州

IÉX gn
拟拟

LHTficp.li
-
戚南 知彬制 ,

•

·

⼀
抛 òtli ≥钀、

fGTD-oBCperspectioeidiscrimnatorfunetn.li
1 testfunctn (需要再去理解下 discrimnatrfnun) 。

丁们
y n i

f
'⻜啊 (P

i
˙ 批测 制

:跟:-x , 11 / 32



The Perspective of Imitation Learning

When β = 0:

π̂∗ ∈ argmax
π∈Π

Lµ (π, fπ)

s.t. fπ ∈ argmin
f∈F

Lµ(π, f).

We re-formulate it as

max
π∈Π

argmin
f∈F

Lµ(π, f) = max
π∈Π

argmin
f∈F

E(s,a)∼dµ [f(s, π)− f(s, a)]

(a)
= max

π∈Π
−Es∼dµ [IPM(π(·|s), µ(·|s))] .

In (a), it resembles BC which minimizes the policy difference in terms of IPM distance on states

induced by dµ. Here f can be interpreted as the test/discriminator function to distinguish the

actions sampled from π(·|s) and µ(·|s).

Offline RL + Relative Pessimism = Imitation + Bellman Regularization.
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Adversarially Trained Actor Critic

How to utilize this Stackelberg game formulation to design algorithm?

I Lµ(π, f) = E(s,a)∼µ[f(s, π)− f(s, a)] and Eµ(π, f) = Eµ
[
((f − T πf) (s, a))

2
]

is defined

with µ and T π, which is unknown to the learner.

I Empirical estimates: LD(f, π) := ED[f(s, π)− f(s, a)].

Eµ
[
(f(s, a)− T πf(s, a))

2
]

= Eµ×(P,R)

[
(f(s, a)− r − γf(s′, π))

2
]

− Eµ
[
Var(R,P ) [r + γf(s′, π)|s, a]

]

ED(f, π) := ED
[
(f(s, a)− r − γf (s′, π))

2
]

− min
f ′∈F

ED
[
(f ′(s, a)− r − γf (s′, π))

2
]
.

I We directly know that LD(f, π) can approximate Lµ(f, π) well. Later, we will show that

ED(f, π) is a good estimate of the true Bellman error Eµ(π, f) [Antos et al., 2008].
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Solving the Stackelberg game

π̂∗ ∈ argmax
π∈Π

LD (π, fπ)

s.t. fπ ∈ argmin
f∈F

LD(π, f) + βED(π, f)

fk 2 arg min
f2F

LD (⇡k, f) + �ED (⇡k, f)
<latexit sha1_base64="GMtHHTfe3bZ21lDdBahjdF9b++Q="></latexit>

Best Response: 

No-regret Learning: ⇡k+1 = NoRegret(⇡k, fk)
<latexit sha1_base64="GqLisDr+kE2dJZJqsyDfC6omoyM="></latexit>

Repeat for 
K iterations

Output: π = Unif ({π1, · · · , πK}) 14 / 32



No-regret Learning Oracle

Definition 1 (No-regret policy optimization oracle).

An algorithm PO is called a no-regret policy optimization oracle if for any sequence of value

functions f1, · · · , fK where each fk : S ×A → [0, Vmax], PO outputs a sequence of policies

π1, · · · , πK output by PO satisfy, for any comparator π ∈ Π:

επopt :=
1

1− γ
K∑

k=1

Eπ [fk(s, π)− fk (s, πk)] = o(K).

I In some scenarios, we can apply natural policy gradient based on multiplicative weights

updates (an instance of mirror descent) [Shalev-Shwartz, 2012].

πk+1(a | s) ∝ πk(a | s) exp (ηfk(s, a)) ,with step size η.
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Theoretical Guarantees: RPI

Theorem 2 (Robust Policy Improvement).

Assume that F satisfies the realizability and µ ∈ Π, consider that π is the learned policy, with

probability at least 1− δ,

J(µ)− J(π̄) ≤ Õ
(

1

(1− γ)2N1/2
+

β

(1− γ)3N

)
+
εµopt
K

.

I RPI: As long as β = o(N), π is guaranteed to outperform µ when N is large and the

number of iteration K is large. This robust policy improvement property is due to the

relative pessimism principle.

I When β = 0, ATAC based on relative pessimism is still guaranteed to learn a policy which is

no worse than the behavior policy µ. On the other hand, the methods based on absolute

pessimism degenerates when the Bellman error loss is removed.
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Proof Sketch: Error Decomposition

As π is the mixture policy between {π1, · · · , πK}, J(µ)− J(π) = 1
K

∑K
k=1 J(µ)− J(πk),

J(µ)− J(πk) = Es∼dµ
[
Qπ

k

(s, µ)−Qπk(s, πk)
]

Policy difference lemma

= −Lµ(πk, Q
πk)

= Lµ (πk, fk)− Lµ(πk, Q
πk)− Lµ (πk, fk)

= Lµ (πk, fk)− Lµ(πk, Q
πk) + Es∼dµ [fk(s, µ)− fk(s, πk)]︸ ︷︷ ︸

optk

.

Recall fk = argminf∈F LD(πk, f) + βED(πk, f) Intuition: ignoring the statistical error

(fk = argminf∈F Lµ(πk, f) + βEµ(πk, f)), we directly have Lµ (πk, fk)−Lµ(πk, Q
πk) ≤ 0 due

to the lower bound argument.
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Proof Sketch: Error Decomposition

We only need to address the statistical error. Construct the empirical objective

LD (πk, fk) + βεD (πk, fk).

Lµ (πk, fk)− Lµ(πk, Q
πk)

= LD (πk, fk)− LD(πk, Q
πk) + |Lµ (πk, fk)− LD (πk, fk) |+ |Lµ(πk, Q

πk)− LD(πk, Q
πk)|︸ ︷︷ ︸

ε1stat

≤ LD (πk, fk) + βεD (πk, fk)− LD(πk, Q
πk) + ε1

stat

= LD (πk, fk) + βεD (πk, fk)− LD(πk, Q
πk)− βεD(πk, Q

πk) + βεD(πk, Q
πk) + ε1

stat

≤ βεD(πk, Q
πk) + ε1

stat

≤ βε2
stat + ε1

stat.

In the last inequality, εD(πk, Q
πk) = |εD(πk, Q

πk)− εµ(πk, Q
πk)| ≤ ε2

stat. ε
1
stat can be directly

upper bounded by Hoeffding’s inequality. We will upper bound ε2
stat.
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The Bellman Error Proxy

Theorem 3.

For any δ ∈ (0, 1), w.p.≥ 1− δ, ∀π ∈ Π,

ED(π,Qπ) = ED(π,Qπ)− ‖Qπ − T πQπ‖22,µ ≤
23V 2

max log (2|F||Π|/δ)
n

.
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The Bellman Error Proxy

ED(f, π) := ED
[
(f(s, a)− r − γf (s′, π))

2
]
−minf ′∈F ED

[
(f ′(s, a)− r − γf (s′, π))

2
]
.

ED(f, π) is a proxy of the Bellman error ‖f − T πf‖22,µ. To understand this claim, the key

observation builds upon the classical bias-variance decomposition. Let

g ∈ argminf ′∈F ED
[
(f ′(s, a)− r − γf (s′, π))

2
]

be the empirical minimizer of the regression

problem.

ED(f, π) ≈ Eµ×(P,R)

[
(f(s, a)− r − γf(s′, π))

2
]
− Eµ×(P,R)

[
(g(s, a)− r − γf(s′, π))

2
]

=
(
Eµ
[
(f(s, a)− T πf(s, a))

2
]

+ Eµ
[
Var(R,P ) [r + γf(s′, π)|s, a]

])

−
(
Eµ
[
(g(s, a)− T πf(s, a))

2
]

+ Eµ
[
Var(R,P ) [r + γf(s′, π)|s, a]

])

= Eµ
[
(f(s, a)− T πf(s, a))

2
]

︸ ︷︷ ︸
‖f−T πf‖22,µ

−Eµ
[
(g(s, a)− T πf(s, a))

2
]

︸ ︷︷ ︸
‖g−T πf‖22,µ

.

‖g − T πf‖22,µ measures the difference between the empirical minimizer g and the population

minimizer (Bayes-optimal minimizer) T πf , which diminishes as n increases. 20 / 32



Proof Sketch: The Bellman Error Proxy

����ED(f,⇡) �
⇣
kf � T ⇡fk2

2,µ � kg � T ⇡fk2
2,µ

⌘ ���� 6 Õ

✓kg � fk2,µp
N

◆

<latexit sha1_base64="WzuiJbk1onbByA/wrjzejrDiPr0="></latexit>

kg � T ⇡fk2
2,µ  Õ

✓
1

N

◆

<latexit sha1_base64="iK1cZZ/GrU+E9IRJh2PhVvaZwG0="></latexit>

����ED(f,⇡) � kf � T ⇡fk2
2,µ

����  Õ

✓kg � fk2,µp
N

◆

<latexit sha1_base64="4K4lQ/XluRndACM0eKgYNwsK3nE="></latexit>

Lemma 4:

Lemma 5:

ED(Q⇡,⇡)  Õ

✓kg � Q⇡k2,µp
N

◆
= Õ

✓kg � T ⇡Q⇡k2,µp
N

◆
= Õ(

1

N
)

<latexit sha1_base64="mJhSyHG7azx+zHeTF7nlF06cHv8="></latexit>

Theorem 3:

f = Q⇡
<latexit sha1_base64="n0DRlEchLvEtbohCd30YudA8ZuY="></latexit>

Set
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Proof Sketch: The Bellman Error Proxy

Lemma 4.

For any δ ∈ (0, 1), w.p. ≥ 1− δ, for any f, g1, g2 ∈ F and π ∈ Π,∣∣∣∣∣ ‖g1 − T πf‖22,µ − ‖g2 − T πf‖22,µ

−
(
ED
[
(g1(s, a)− r − γf (s′, π))

2
]
− ED

[
(g2(s, a)− r − γf (s′, π))

2
])∣∣∣∣∣

≤ ‖g1 − g2‖2,µ
√

24V 2
max log(2|F||Π|/δ)

n
+
V 2

max log(2|F||Π|/δ)
n

.

The proof builds upon the bias-variance decomposition. To establish a sharp bound, we need to

use Bernstein’s inequality, which introduces the variance term related to ‖g1 − g2‖2,µ.
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Lemma 5.

Consider a real-valued regression problem with feature space X and label space Y ∈ [0, Vmax].

Let {(Xi, Yi))}ni=1 be the i.i.d. data where Xi ∼ P (·) and Yi ∼ Q(·|Xi). Let F ⊂ X → Y be

the function class, which is assumed to be finite but exponentially large. Let f∗(X) = E[Y |X]

be the Bayes-optimal minimizer. We assume that F satisfies the realizability, i.e., f∗ ∈ F . Let

f̂∗ be the empirical risk minimizer on {(Xi, Yi))}ni=1.

f̂∗ = argmin
f∈F

L̂(f) =
1

n

n∑

i=1

(f(Xi)− Yi)2
.

Then w.p. ≥ 1− δ,

Ex∼P (·)

[(
f̂∗(x)− f∗(x)

)2
]
≤ 8V 2

max log 2 (|F|/δ)
n

.

In offline RL, the realizability corresponds to the Bellman completeness, i.e., ∀π ∈ Π, ∀f ∈ F ,

T πf ∈ F .
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Theoretical Guarantees: Learning Optimality

Theorem 6 (Learning Optimality).

Assume that F satisfies the realizability and completeness. We define

C (ν;µ,F , π) := maxf∈F
Eν(π,f)
Eµ(π,f) . For any policy π ∈ Π, suppose that

maxk∈[K] C (dπ;µ,F , πk) ≤ C, with β = Θ
(

3
√
VmaxN2

)
, with high probability,

J(π)− J(π̄) ≤ O
( √

C

(1− γ)2N1/3

)
+
επopt

K
.

I C (ν;µ,F , π) measures how well the distribution ν is covered by the data distribution µ

w.r.t π and F . This is a sharper measure compared with the concentrability coefficient

(C (ν;µ,F , π) ≤ maxs,a ν(s, a)/µ(s, a),∀π,∀F).

I This result shows that the learned policy can compete with any policy whose state-action

distribution is covered by the dataset, when N is large and the number of iterations is large.
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A Practical Implementation of ATAC

I In practice, the above process is approximated by a two-timescale gradient-based method.

I The critic is updated with a much faster rate ηfast than the actor with ηslow.

I The critic update with ηfast can mimic the best response procedure and the actor update

with ηslow can mimic the no-regret learning procedure.
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Practical Designs of Critic Update

I Projection: We parameterize F as neural networks with `2 bounded weights. The projection

is crucial to ensure stable learning across all β-values.

I A surrogate loss of the Bellman error ED(f, π):

EwD(f, π) := (1− w)Etd
D (f, f, π) + wEtd

D
(
f, f̄min, π

)
,

where w ∈ (0, 1), Etd
D (f, f ′, π) := ED[(f(s, a)− r − γf ′ (s′, π))

2
]

and

f̄min(s, a) := mini=1,2 f̄i(s, a). Using this surrogate loss significantly improves the

optimization stability.
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Practical Designs of Actor Update

I Actor loss with a single critic: While the critic optimization uses the double Q networks for

numerical stability, the actor loss only uses one of the critics (f1). This is different from

SAC which takes mini=1,2 fi(s, a) as the objective.

I This design choice is critical to enable ATAC’s IL behavior when β is low.
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Experimental Evaluations

I Target: test the effectiveness of ATAC in terms of performance and robust policy

improvement.

I Baseline: CQL, COMBO, TD3+BC, IQL, BC.

I Variants of ATAC:

– An absolute pessimism version of ATAC (denoted ATAC0): LD(f, π) in Lcritic is replaced

with f(s0, π).

– Since ATAC does not have guarantees on last-iterate convergence, they report also the results

of both the last iterate (denoted as ATAC and ATAC0) and the best checkpoint (denoted as

ATAC? and ATAC0) selected among 9 checkpoints.
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Performance

ATAC and ATAC? outperforms other model-free baselines consistently and model-based method

COMBO mostly.. 29 / 32



Robust Policy Improvement

I ATAC based on relative pessimism improves from behavior policies over a wide range of

hyperparameters β. On the other hand, offline RL based on absolute pessimism has safe

policy improvement only for well-tuned hyperparameters β.

I This empirical results validate the role of relative pessimism on robust policy improvement.
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