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Linear Bandit Problem

Action space: A
Feature map: ¢ : A — R?

>
>
» Mean reward of action a € A is ¢(a)”
> 0 € ©cC R?is unknown.

>

Goal: Learn to solve max,e 4 ¢(a)’6
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Convergence to Optimality - Regret

» The agent can learn without exploring every possible action.
The work of Dani et al. (2008), Rusmevichientong and Tsitsiklis (2010), and
Abbasi-Yadkori et al. (2011) yields tight regret bounds of order

dvT

» Bounds exhibit no dependence on the number of actions

Background
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Convergence to Optimality - Regret

» The agent can learn without exploring every possible action.
The work of Dani et al. (2008), Rusmevichientong and Tsitsiklis (2010), and
Abbasi-Yadkori et al. (2011) yields tight regret bounds of order

dvT

» Bounds exhibit no dependence on the number of actions

» What about more general model classes?

Background
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A General Bandit Problem

» We want to solve

max fo(a)

> Know fg € F={fp,:p€ O}

> Beliefs about § € © may be encoded in terms of prior distribution.
> Agent sequentially chooses actions Ay, As, ...

>

Choosing action A; yields random reward with mean fy (A:).
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A General Bandit Problem

» Evaluate the performance up to time T by regret:

T
Regret(T) =Y [ fo(A") — fo(A) |
t=1 optimal action selected action
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Theoretical Gaurantees

Provide upper bounds on expected regret of Order up to some logarithmic factor

\/dimE (F, 77" log (N (F, e, || - [loo) /0) T

Eluder dimension log-covering number
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Theoretical Gaurantees

Provide upper bounds on expected regret of Order up to some logarithmic factor

\/dimE (F, 77" log (N (F, e, || - [loo) /0) T

Eluder dimension log-covering number

» Log-covering number:

— Sensitivity to statistical over-fitting.

— Closely related to concepts from statistical learning theory.

Background 8/90



Theoretical Gaurantees

Provide upper bounds on expected regret of Order up to some logarithmic factor

dimp (F,T71) log (N (F, e, || - lee) /8) T

Eluder dimension log-covering number

» Log-covering number:

— Sensitivity to statistical over-fitting.

— Closely related to concepts from statistical learning theory.
» Eluder dimension:

— How does sampling one action reduce uncertainty about others?
— How effectively the value of unobserved actions can be inferred from observed samples?

— A new notion the paper introduce.
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Theoretical Gaurantees

Provide upper bounds on expected regret of Order up to some logarithmic factor

Eluder dimension log-covering number
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Theoretical Gaurantees

Provide upper bounds on expected regret of Order up to some logarithmic factor

Eluder dimension log-covering number

\/dimE (F, 77" log (N (F, e, || - [loo) /0) T

» Bound holds for Thompson Sampling and a general UCB algorithm.

» Matches the best bounds available for UCB algorithms when specialized to linear or

generalized linear models.
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What about VC dimension?

» Define S = {x1,...,2,}. Consider a binary function class H and the “projection” set
_____ e, ={(h(z1),...,h(zn): heH}

» Growth Function: The growth function is the maximum number of ways into which n
points can be classified by the function class:

Gu(n)= sup |Hs]

T1geees Ty

» VC Dimension:
dimyc(H) = max{n : Gy(n) = 2"}

» VC dimension of a function class H is the cardinality of the largest set that it can shatter.

Eluder dimension
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What about VC Dimension?

> A={ai,...,an} 3
> ‘F:{flaafn}
> fi(@) =1fa=a]

Functior

as1 81 a
Action

A noiseless prediction problem: Suppose A; drawn uniformly from A,
> dlmvc(]:) =1
» Prediction error converges to 1/n in constant time.

(e.g. predicting 0 or use f; every time.)

Eluder dimension 12 /90



What about VC Dimension?

> A={ai,...,an} 3
> ‘F:{flaafn}
> fi(@) =1fa=a]

Functior

as1 81 a
o

A multiarmed bandit problem: Suppose fy drawn uniformly from F. then until the optimal
action is identified, Regret scales linearly with n.

(a) Regret per round is 1

(b) At most a single function is ruled out per round

Eluder dimension 13 /90



Defining Eluder Dimension - Intutitive explanation

» Elude (verb)

» evade or escape from (a danger, enemy, or pursuer), typically in a skillful or cunning way.

"he managed to elude his pursuers by escaping into an alley”

> (of an idea or fact) fail to be grasped or remembered by (someone).
"the logic of this eluded most people”

Better to hide my
true position...
& =
& R4

What he
said is new!

S)

D

’“\ﬁlﬂ
Fhs

5!

v
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Defining Eluder Dimension - Intutitive explanation

» Elude (verb)

» evade or escape from (a danger, enemy, or pursuer), typically in a skillful or cunning way.

"he managed to elude his pursuers by escaping into an alley”

> (of an idea or fact) fail to be grasped or remembered by (someone).
"the logic of this eluded most people”

» A politician want to elude the reporters!

» The politician sequentially presents information to
reporters.

» But each piece of information must be novel to the
reporters.

» How long can he continue?
Eluder dimension 14 /90



Defining Eluder Dimension - notion of (in)dependence

Eluder principle: An action a is independent of {a,...,a,} if two functions that make
similar predictions at {a1,...,a,} could differ significantly at a.
6,
“ Functi
unction
N S b e
0 S

B
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Defining Eluder Dimension - notion of (in)dependence

Definition 1 ((F, ¢)-independence). Definition 2 ((F, ¢)-dependence).
a € Ais e-independent of {a1,...,a,} C A a € Ais e-dependent of {a1,...,a,} C A with
with respect to F iff respect to F iff
» 3f, f € F satisfying > Vf, f € F satisfying
~ 2 ~ 2
1) \/2;;1 (f(a)=F(a)) <e \/z“ (a:) - fa )) <e
satisfies f(a) — f(a) > e. satisfies f(a) — f(a) < ¢
6-
4 Function
° i _t ¥
0 == E *h
2 ¢ "

XI' X2 X‘g qu Xlg
El i i . . . 16 /90
uder dimension Figure: x5 is ({f1, f2}, 1)-independent of {z1,..,z4} /



Defining Eluder Dimension - notion of (in)dependence

» Let us get some understanding via the notion of linear dependence in linear algebral!
> Claim: (F := {(6,¢(-)),0 € R} ,0)-dependence <=> linear dependence in R?.
» o € Ais 0-dependent of {ay,...,a,} C A with respect to F

— V9,0 R (0 —0,a;)=0,Vie[n]=(0—0,a) =0
— VR (0,a;) =0,Vi€[n] = (0,a) =0

— V9ecR% e Span(ay,...,a,)" = (0,a) =0
<

1
a € (Span(al, ce a,,,I,)L) = Span(ay,...,a,)

» <= a € Ais linearly dependent of {a1,...,a,} C A.
» This e-approximate extension is advantageous as it captures both nonlinear dependence

and approximate dependence.
Eluder dimension 17 /90



Defining Eluder Dimension

The eluder dimension is the length of the longest independent sequence.
Definition 3 (Eluder dimension).

dimg(F,€) is the length of the longest sequence of elements in A such that, for some
€' > ¢, every element is (F, €)-independent of its predecessors.

L .8 8 _8_U
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Eluder Dimension - Non-increasing in tolerance ¢

» Property. dimg(F,¢) > dimg(F, e+ €), Veg > 0.

» Proof (My understanding):
If for some ¢’ > € + g, every element is (F, ¢')-independent of its predecessors,

» then of course, for the above found ¢, we have ¢/ > € + ¢y > €, every element is
(F,€')-independent of its predecessors

L8 .8 8 _8_U

» Therefore, conclude dimg(F,¢) is at least the same as dimpg(F, € + €).

» Useful in the main proof.
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Understand Eluder Dim via comparison with VC Dim - Classical Def

» Define S = {x1,...,2,}. Consider a binary function class H and the “projection” set
Hs =Haywn ={(R(z1),...,h(zy): h € H}

» Growth Function: The growth function is the maximum number of ways into which n

points can be classified by the function class:

Gu(n) = sup [|Hs|

L1,y Ty

»> VC Dimension:
dimyc(H) = max{n : Gy (n) = 2"}

» VC dimension of a function class H is the cardinality of the largest set that it can shatter.
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Understand Eluder Dim via comparison with VC Dim - New Def

Definition 4 (VC-independence).
An action a is VC-independent of A C A if for any f, f € F, there exists some f € F, which
agrees with f on a and with f on A; that is, f(a) = f(a) and f(a) = f(a) for all a € A.

Definition 5 (VC-dependence).

An action a is VC-dependent of A C A if for any f € F, there exists f, f € F, such that f
cannot simultaneously agrees with f on a and with f on A; that is, f(a) # f(a) or

f(@) # f(a) for all a € A.

Remark 1.

By this definition, an action a is said to be \/C-dependent on A if knowing the values f € F

takes on A could restrict the set of possible values at a.
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Understand Eluder Dim via comparison with VC Dim - New Def

Definition 6 (Alternative definition of dimyc).

The VC dimension of a class of binary-valued functions H with domain A is the largest
cardinality of a set A C A such that every a € A is VC-independent of A\{a}.
Remark 2 (Equivalence to classical definition of dimyc in binary output setting).

> If H can shatter A, it is trivial to see every a € A is VV/C-independent of A\ {a}.

> Conversely, we need to prove if every a € A is VC-independent of A\ {a}, then H can
shatter A.

Eluder dimension 22 /90



Understand Eluder Dim via comparison with VC Dim - New Def

Conversely, prove if every a € A is VC-independent of fl\ {a}, then # can shatter A.

» My constructive proof: Let us first assume there exists function fy, f1 € H s.t. for all
a€ A, fi(a)=1and fo(a) = 0.

> W.log. let A= {a, - ,an}.

» Picka=ai,f=fo f=f1. by definition of VC-independence, there must exists fy; € H
st for(ar) = fo(ar) = 0 and for(A\ {ar}) = fi(A\ {a1}) = 1.

» Similarly, pick @ = a1, f = f1, f = fo, there must exists fio € H s.t. fio(a;) =1 and
fio(A\ {a1}) = 0. Now, a; is shattered.

> Recursively, pick f € {fo, f1} and fo € {fo1, fi0, fo, f1}, and let a = ay € A\ {a1}, there
must exists foo1, f101, f110, fo1o € H. Now, a; and as is shattered.

> And finally we see # can shatter A by recursively find oy €H, e A is shattered.

Eluder dimension 23/90



Understand Eluder Dim via comparison with VC Dim

>A={a1,...,an} 3
> F={f1, -, fn}
> fi(a) =1{a=a;}

Functior

Action

» In the above example, any two actions are VC dependent because knowing the label of one

action could completely determine the value of the other action.

» However, this only happens if the sampled action has label 1.

» If it has label 0, one cannot infer anything about the value of the other action.

Eluder dimension 24 /90



Understand Eluder Dim via comparison with VC Dim

> stronger requirement: guarantee one cottd will gain useful information through

exploration.

Definition 7 (strong-dependence).

An action a is strongly dependent on a set of actions A C A if any two functions f, f € F that
agree on A agree on a; that is, the set {f(a) : f(a) = f(a),Va € A} is a singleton. An action
a is weakly independent of A if it is not strongly dependent on A.

Eluder dimension 25/90



Understand Eluder Dim via comparison with VC Dim

> stronger requirement: guarantee one cottd will gain useful information through

exploration.

Definition 7 (strong-dependence).

An action a is strongly dependent on a set of actions A C A if any two functions f, f € F that
agree on A agree on a; that is, the set {f(a) : f(a) = f(a),Va € A} is a singleton. An action
a is weakly independent of A if it is not strongly dependent on A.

> a is strongly dependent on A if knowing the values of f on A completely determines the
value of f on a.
» c-Eluder dimension: Strong + e-Approximate dependence
— focusing on the possible difference f(a) — f(a) between two functions that approximately
agree on A.
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Outline

Regret upper bound via eluder dimension for general function classes
UCB and TS algorithm
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Optimism in the face of uncertainty

Act according to an "optimistic” model of the environment
» Confidence set F; < subset of f € F that are statistically plausible given data.

» Play A; € arg max {supfeft f(a)}.
acA

!s:’p;[(ux) o —— !,‘g,(m_)

S folaz)

O — ,ﬂf(ﬂ«.)
G

e
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Optimism in the face of uncertainty

Act according to an "optimistic” model of the environment
> F; < subset of f € F that are statistically plausible given data.
» Play 4, € argenjlax {supfeft f(a)} .
There is a huge literature on this approach:
» Bandit problems with independent arms
— (Lai-Robins, 1985 ), (Lai, 1987 ), (Auer, 2002), (Audibert, 2009)....
» Bandit problems with dependent arms
— (Rusmevichientong-Tsitsiklis 2010), (Filippi et. al, 2010), (Srinivas et. al, 2012)...
» Reinforcement Learning
— (Kearns-Singh, 2002), (Bartlett-Terwari, 2009), (Jaksch et. al 2010)...
» Monte Carlo Tree Search
— (Kocsis-Szepesvari, 2006)...
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A posterior sampling strategy

"Thompson sampling” & "probability matching”:

» Sample each action according to the posterior probability it is optimal:
m =P(A] €| Hy),

where A} is a random variable that satisfies A} € argmax,c.4 fo(a).

» Practical implementations typically operate by, at each time ¢, sampling an index 6, € ©
from the distribution P (¢ € - | H;) and then generating an action A; € argmax, f;(a).

The paper Learning to Optimize via Posterior Sampling
> establishes a close connection with optimistic algorithms.

» implies the analysis also bounds the Bayesian regret of TS.

Regret upper bound via eluder dimension for general function classes 30/90
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Regret upper bound via eluder dimension for general function classes

Proof Sketch
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Proof Sketch

\/dimE (F, T~V log (N (F,a, || - loo) /0) T

Eluder dimension log-covering number

(1) Regret decomposition for Optimism and Posterior Sampling;

— Upper bound regret by summation of confidence intervals at queried action sequence.

Regret upper bound via eluder dimension for general function classes 32/90



Proof Sketch

\/dimE (F, T~V log (N (F,a, || - loo) /0) T

Eluder dimension log-covering number

(1) Regret decomposition for Optimism and Posterior Sampling;
— Upper bound regret by summation of confidence intervals at queried action sequence.
(2) Build generic confidence sets F, C F;

— Size of F; depends on the log-covering number of F.
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Proof Sketch

Eluder dimension log-covering number

\/dimE (F, T~V log (N (F,a, || - loo) /0) T

(1) Regret decomposition for Optimism and Posterior Sampling;

— Upper bound regret by summation of confidence intervals at queried action sequence.
(2) Build generic confidence sets F, C F;

— Size of F; depends on the log-covering number of F.

(3) Key step: Measure the rate at which confidence intervals (bonus) shrink = Regret
rate.

Regret upper bound via eluder dimension for general function classes 32/90



Proof Sketch

\/cumE (F. 77" log (N (F.a, || [lse) /0) T

Eluder dimension log-covering number

(1) Regret decomposition for Optimism and Posterior Sampling;
(2) Build generic confidence sets F, C F;
(3) Measure the rate at which confidence intervals (bonus) shrink. (Potential lemma)

— If bonus at one action is large, then this action must be

disjoint sub-histories large bonus

dependent on few (<) disjoint subsequences.

— Depends on the eluder dimension of F. After some

finite time, action should be dependent on at least (>) _

some disjoint subsequences.

— Therefore, bonus cannot be large forever.
Regret upper bound via eluder dimension for general function classes 33/90



Proof Sketch - Big Picture

Regret decomposition

Proposition 1 (Bound regret by the confidence width at selected actions)

Regret upper bound via eluder dimension for general function classes 34/90



Proof Sketch - Big Picture

Lemma 12 (Exponential Martingale) Lemma 13 (Martingale Exponential Inequality)
Lemma 11 (Discretization Error) Lemma 10 (Concentration)
Proposition 2 (High-probability bounds)

» Moved to appendix: missing proofs
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Regret decomposition

» UCB sequence U = {U, | t € N} adapted to filtration {#; | t € N}.
> UCB regret decomposition: Consider a UCB algorithm, A; € arg max,¢ 4, U;(a) and

A} € argmax,ea, fo(a). We have the following simple regret decomposition:

f0 (A:) - f9 (Kt) = f9 (A:) - Ui (Zt) + U (gt) - f@ (gt)
< [fo (A7) = U (AD] + [U: (Ar) = fo (A1)
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Regret decomposition

» UCB sequence U = {U, | t € N} adapted to filtration {o(H;) | t € N}.
> PS regret decomposition: Consider a PS algorithm, conditioned on Hy, the optimal
action A} and the action A; selected by posterior sampling are identically distributed, and
U, is deterministic.
— Hence E [Ut (AI) | Ht] E) [Ut (At) | Ht] .
— And we have regret decomposition,

E[fo (A7) = fo (A))] = E[E [fo (A7) — fo (Ar) | Hi]]
=E[E[U: (A:) — Us (A7) + fo (A7) — fo (Ar) | Hi]
=E[E[Ut (Ar) — fo (Ar) | H] + E[fo (A7) — Us (A7) | He]
=E[Us (At) — fo (Ae)] + E[fo (A7) — U (A7)]

Regret upper bound via eluder dimension for general function classes 37/90



Regret decoposition - Comparison

> Assume fy takes values in [0, C]. Compare decomposition for UCB and PS,

a.s.

Regret (T, 7V,0) <

M=

[Ur (A1) = fo (Ay)] +CZIL fo (A7) > Ut (A7)

t

BayesRegret (T,77%) <E

M= L

[U: (Ae) — fo (Ay)] +CZIP fo (A7) > Ui (47))

~
I

1

» Important difference: the regret bound of 7V depends on the specific UCB sequence U
used by the UCB algorithm in question,

» whereas the bound of 7w applies simultaneously for all UCB sequences.
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Regret decoposition - Comparison

> Assume fy takes values in [0, C]. Compare decomposition for UCB and PS,

BayesRegret (T,7") <E > [U; (&) — fo (&)] + CZIE” fo (A7) > Uy (A7)

1 t=1

T
BayesRegret (T,77%) <E " [U; (A) — fo (A1) +CZP fo (A7) > U; (A7)

t=1 t=1

» While the Bayesian regret of a UCB algorithm depends critically on the specific choice of
confidence sets,

» posterior sampling depends on the best-possible choice of confidence sets.
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Regret decoposition - Comparison

> Assume fy takes values in [0, C]. Compare decomposition for UCB and PS,
BayesRegret (T,7") < ]EZ Uy (Ar) — fo (Ar)] + CZ]P’ fo (A7) > U, (A)))

T
BayesRegret (T7 7TPS) < ]EZ [U: (Ar) — fo (Ap)] + C’ZIP’ fo (A7) > U (A7)

t=1 t=1

» This is a crucial advantage when there are complicated dependencies among actions, as
designing and computing with appropriate confidence sets presents significant challenges.

» This difficulty is likely the main reason that posterior sampling significantly outperforms
UCB algorithms in the simulations.
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Simuluation results

3 T T T T T T T T T
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Confidence sets and width

> Assumption 1. For all f € F and a € A, f(a) € [0,C].
» Assumption 2. For all t € N, R; — fy (A;) conditioned on (Hy, 0, A;) is o-sub-Gaussian.
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Confidence sets and width

> Assumption 1. For all f € F and a € A, f(a) € [0,C].
» Assumption 2. For all t € N, R; — fy (A;) conditioned on (Hy, 0, A;) is o-sub-Gaussian.
» Construct a set F; C F of functions that are statistically plausible at time .

> Let wr(a) :=supg.r f(a) — infrex f(a) denote the width of F at a.
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Confidence sets and width

Assumption 1. For all f € F and a € A, f(a) € [0,C].
Assumption 2. For all t € N, R; — fp (A;) conditioned on (Hy, 6, A;) is o-sub-Gaussian.

>
>
» Construct a set F; C F of functions that are statistically plausible at time .
> Let wr(a) :=supg.r f(a) — infrex f(a) denote the width of F at a.

>

Remark: while the analysis of posterior sampling will make use of UCBs, the actual
performance of posterior sampling does not depend on UCBs used in the analysis.
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Confidence bounds and regret

Proposition 1 (Bound regret in terms of the confidence width at selected actions).

Fix any sequence {F; : t € N}, where F;, C F is measurable with respect to o (H;). Then for
any T € N,

T
Regret (T, 7TU,9) < Zwﬂ (A1) + C1(fo ¢ Fr)
t=1

T
BayesRegret (T, 7"5) <E | > wr, (A)) + CL(fs ¢ F1)
=1
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Confidence bounds

> Least square: Lo, (f) = tl_l (f (Ay) — Ry)? is the cumulative squared prediction error.
» The confidence sets constructed here are centered around least squares estimates
[1° € argminger Lo (f).

» The sets take the form F; := {f e F: Hf*f,LbH p < \/E}

2,
» [, is an appropriately chosen confidence parameter

» the empirical 2-norm | - ||, z, is defined by [|g|3 5, = g (Ay).

— Hence ||f — f9||§ g, measures the cumulative discrepancy between the previous predictions
of f and fy.
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Confidence bounds

Proposition 2 (High-probability bounds).

Define the confidence parameter,

B (F,8,a) i=80%log (N (F, . ||+ | ) /6) + 2at (8C + /8o (4£7/5))

For all 6 >0 and o > 0, if

Fi= {fe]—': Hf’ftLSHZE < ﬁ;‘(f,é,a)}

ot

for all t € N, then

P(f@Eﬁ]:t> >1-29

t=1
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The shrink rate of confidence width - Key theorem

Proposition 3 (Potential Function).

If (B: > 0|t € N) is a nondecreasing sequence and F; := {f € F: Hf - ftLSHQ < \/E}
y ot

then for all T € N and € > 0,

T

Zl wr, (Ay) >¢€) < <ﬂT—|—1> dimp(F,e€).
€2
t=1
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The shrink rate of confidence width - Key theorem

Lemma 8 (Potential Lemma).
If (B > 0|t € N) is a nondecreasing sequence and F; := {f eF: Hf - ftLSHQ
then for all T € N,

5 SV

st

T
> wr, (A) <1+ dimg (F,T7") C + 4y/dimg (F, T-1) BrT.
t=1
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Final results

Proposition 4.
Forall T e Nja >0 and § <1/2T,

E [Regret (T,7".0) | 6] <1+ [dimp (F,T71) +1] C + 4y /dimp (F,T-1) B(F, 0, 0)T

BayesRegret (T, 7TPS) <1+ [dimE (.7-', Tfl) + 1] C+ 4\/dimE (F, T 5 (F,a,0)T
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Outline

Regret upper bound via eluder dimension for general function classes

Proof of Key Theorem - Potential Function and Potential Lemma
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Proof of proposition 3 (Potential Function)

Step 1 If wy (A;) > €, then A; is e-dependent on fewer than 437 /€2 disjoint subsequences of
(Ay,..., A1) for T > t.
Step 2 In any action sequence (a1, ..., a;), there is some element a; that is e-dependent on at
least 7/d — 1 disjoint subsequences of (a1, ...,a;—1), where d := dimg(F,¢).
Step 3 Now, consider taking (ai,...,a,) to be the subsequence (A¢,, ..., As ) of (A1,...,Ar)
consisting of elements A; for which wz, (4;) > ¢, i.e. wr,, (Ay,) >eVj=1...7.
— By step 1, each Ay, is e-dependent on fewer than 4,8T/62 disjoint subsequences of
(Ar,..., A1)
— It follows that each a; is e-dependent on fewer than 447 /¢* disjoint subsequences of
(a1y...,a;-1).
— Combining Step 2, we have 7/d — 1 < 487 /€. It follows that 7 < (481 /€” + 1) d. Done.
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Proof of proposition 3 - Step 1

Step 1 If wy (A;) > €, then A; is e-dependent on fewer than 437 /€? disjoint subsequences of
(Ay,...,Asq) for T > t.
- WF, (At) > €= Hf,i € Fi, f(At) —i(At) > €.
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Proof of proposition 3 - Step 1

Step 1 If wy (A;) > €, then A; is e-dependent on fewer than 437 /€? disjoint subsequences of
(Ay,...,Asq) for T > t.
- WF, (At) > € — Hf,i € Fi, f(At) —i(At) > €.
— By definition, since f (A;) — f (A:) > ¢, if A; is e-dependent on a subsequence

(Ail,. .. 7Alk) of (Al,. .. 7At—1) , then Z?:l (fT(Al]) —i(AlJ))Q > 2.
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Proof of proposition 3 - Step 1

Step 1 If wy (A;) > €, then A; is e-dependent on fewer than 437 /€? disjoint subsequences of
(Ay,...,Asq) for T > t.

- wr, (A) >e=3f,f € Fi, [ (A) — f(A) > €.

— By definition, since f (A¢) — f (A:) > ¢, if A; is e-dependent on a subsequence
(Aiy, .oy An) of (Ao, Ar), then S (F(As) — £ (A1) > €%

— It follows that, if A; is e-dependent on K disjoint subsequences of (A1,...,Ai—1), then
If = fl3.8, > Ke.

— By the triangle inequality, we have

IF=r

l2,5, < Hf* 7

+|r- 7, <2vB<2vBr

2,E

2,E¢

— Then K < 4B7/é.
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Proof of proposition 3 - Step 2 Intuition

Step 2 In any action sequence (a1, ...,a;), there is some element a; that is e-dependent on at
least 7/d — 1 disjoint subsequences of (a1, ...,a;—1), where d := dimg(F,¢).
» Let us again get some intuition from linear algebra! (F linear function class and € = 0)
» e-dependency now become linear dependency.

» W.lo.g let 7= Kd+ 1. Sampling basis of R? one by one:

a1 =€1,a2 =€2,...,0d = €d,...,0Aid+j = €j,...,0r = €]
» Form every round of sampled basis B; = {a(;—1)a+1,- - -,@(:)d} as a subsequence,
i=1,....K
» then a, is linearly dependent on all previous constructed disjoint subsequences, which is
K>r1/d-1
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Proof of proposition 3 - Step 2 Formal constructive proof

Step 2 In any action sequence (a1, ...,a;), there is some element a; that is e-dependent on at
least 7/d — 1 disjoint subsequences of (a1,...,a;_1), where d := dimg(F,¢).
— For an integer K satisfying Kd+ 1 < 7 < Kd + d, we will construct K disjoint

subsequences Bi, ..., Bk.
— First let B; = (a;) for i = 1,..., K. If ax+1 is e-dependent on each subsequence

Bi,..., Bk, our claim is established.
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Proof of proposition 3 - Step 2 Formal constructive proof

Step 2 In any action sequence (a1, ...,a;), there is some element a; that is e-dependent on at
least 7/d — 1 disjoint subsequences of (a1,...,a;_1), where d := dimg(F,¢).

— For an integer K satisfying Kd+ 1 < 7 < Kd + d, we will construct K disjoint
subsequences Bi, ..., Bk.

— First let B; = (a;) for i = 1,..., K. If ax+1 is e-dependent on each subsequence
Bi,..., Bk, our claim is established.

— Otherwise, select a subsequence B; s.t. ax41 is e-independent and append ax 41 to B;.

— Repeat this process for elements with indices j > K + 1 until a; is e-dependent on each

subsequence or j = T.
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Proof of proposition 3 - Step 2 Formal constructive proof

Step 2 In any action sequence (a1, ...,a;), there is some element a; that is e-dependent on at
least 7/d — 1 disjoint subsequences of (a1,...,a;_1), where d := dimg(F,¢).

For an integer K satisfying Kd+ 1 <7 < Kd+ d, we will construct K disjoint
subsequences Bi, ..., Bk.

First let B; = (a;) fori=1,..., K. If ax+1 is e-dependent on each subsequence

Bi,..., Bk, our claim is established.

Otherwise, select a subsequence B; s.t. ax+1 is e-independent and append ax 41 to B;.
Repeat this process for elements with indices j > K + 1 until a; is e-dependent on each
subsequence or j = T.

In the latter scenario (j =7), >, |Bi| > Kd,

and since each element of a subsequence B; is e-independent of its predecessors, |B;| = d.

In this case, ar must be e-dependent on each subsequence.
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Proof of Lemma 8 (Potential Lemma)

» Write d = dimpg (.7-', T_l) and wy = wy (Ay).

» Reorder the sequence (w1,...,wr) = (Wi, ..., Wiy ), where w;, > w;, > -+ > Wir.
T T

> Et:l WF, (At) = Et:l Wi, =

T T T
Zwitl {wit < T_l} + Z’witl {wit > T_l} <1+ Zwitl {wit > T—l}
t=1 t=1 t=1

» We know w;, < C. In addition,

T
wj, >6<:>Zl(w}-k (Ag) > €) > t.
k=1

» By Proposition 3 (Potential Function), this can only occur if
t < ((4Br) /¢ + 1) dimp(F,€).

Regret upper bound via eluder dimension for general function classes 54 /90



Proof of Lemma 8 (Potential Lemma)

> For e > T, dimg(F,€) < dimg (F,T~') = d, since dimp (F, €) is non-increasing in
tolerance e.

> Therefore, when w;, > e > Tt < ((487) /€ + 1) d, which implies
€ < \/(4Brd) /(t — d).

» This shows that if w;, > T~1!, for e > T~ 1, taking ¢ 1 w;,, then

w;, < min {C’, \/W} .

» Therefore,

T T
1
S T8 < o2 /@ [ i = dCayaFT.
_ t=0

T
Zwitl {wit > T_l} <dC+
t=1 t=d+1
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Outline

Specialization to common function classes
Confidence parameter for common function classes
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Remark - confidence parameter 5*

B (F,6,a) :=8c%log (N (F,a,| - ||ls) /9) + 2at <8C + 4/8021n (4t2/5)> )

> (FINITE FUNCTION CLASSES). When F is finite, 5;(F, 5,0) = 802 log(|F]/9).
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Remark - confidence parameter 5*

B (F,6,a) :=8c%log (N (F,a,| - ||ls) /9) + 2at <8C + 4/8021n (4t2/5)> )

» (FINITE FUNCTION CLASSES). When F is finite, 3; (F,,0) = 802 log(|.F|/9).
» (LINEAR MODELS). Consider a d-dimensional linear model f,(a) := (¢(a), p).

~ Fix v = sup, 4 1#(a)]] and s = sup e [l
~ Hence, for all pu, pa € F, we have |5, — fuull.o <7 llp1 — pall.
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Remark - confidence parameter 5*

B (F,6,a) :=8c%log (N (F,a,| - ||ls) /9) + 2at <8C + 4/8021n (4t2/5)> )

» (FINITE FUNCTION CLASSES). When F is finite, 3;(F,6,0) = 802 log(|F|/d).
» (LINEAR MODELS). Consider a d-dimensional linear model f,(a) := (¢(a), p).
= Fix vy = sup,c 4 [|6(a)]| and s = sup o [Io]-
~ Hence, for all p1, p2 € F, we have [[fyy — foall. < llo1 = poll.
— An a-covering of F can therefore be attained through an (a/~)-covering of © C R
— Such a covering requires O ((1/a)?) elements, and it follows that,
log N (F,a, || - o) = O(dlog(1/a)).
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Remark - confidence parameter 5*

B (F,6,a) :=8c%log (N (F,a,| - ||ls) /9) + 2at <8C + 4/8021n (4t2/5)> )

» (FINITE FUNCTION CLASSES). When F is finite, 3;(F,6,0) = 802 log(|F|/d).
» (LINEAR MODELS). Consider a d-dimensional linear model f,(a) := (¢(a), p).

- Fix y =sup,c 4 [|¢(a)ll and s = sup e [|o]-

— Hence, for all p1,p2 € F, we have || fp; — foulloo <7 llp1 — p2l|-

— An a-covering of F can therefore be attained through an (a/7)-covering of © C R%.

— Such a covering requires O ((1/a)?) elements, and it follows that,

log N (F, e, || - lc) = O(dlog(1/c)).
— If « is chosen to be 1/t2, the second term in 3] tends to zero, and therefore,

Bt (F,6,1/t%) = O(dlog(t/5)).
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Remark - confidence parameter 5*

B (F,6,a) :=8a%log (N (F,a, | - |ls) /9) + 2at (80 ++/8021n (4t2/5)) )

> (GENERALIZED LINEAR MODELS). Consider the case of a d -dimensional generalized
linear model fy(a) := g({¢(a), d)), where g is an increasing Lipschitz continuous function.

- Fix g,y =sup,c 4 [#(a)l| and s = sup g [||l-
— Then, the previous argument shows log N (F, a, || - |lo) = O(dlog(1/c)).
— Again, choosing o = 1/t* yields a confidence parameter 3; (F,6,1/t*) = O(dlog(t/s)).
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Remark - relate 5* to Kolmogorov dimension

Definition 9 (Kolmogorov dimension).

The Kolmogorov dimension of a function class F is given by

log (N .
dimg (F) = lim sup g (N (F | ”OO))

Example : dimg (R?) = d
al0 log (1/a) P K( )

> BH(F,d,a) :=80%log (N (F,a,| - |l) /5) + 2at (80 +1/802%1n (4t2/5))

, [log (N (F,1/2, 1 1)
log (%)

=16 (1+ o(1) + dimg (F)) logt

Bi (F.1/12,1/1%) =80 log (12) + th (3¢ + /802 In (4£25))

+1

> limsup,_,. log (N (F,1/t%,] - ||)) /log (t?) = dimg (F).
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Outline

Specialization to common function classes

Eluder dimension for common function classes
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Equivelant definition of eluder dimension

» The e-eluder dimension of a class of functions F is the length of the longest sequence

ai,...,a; such that for some ¢ > ¢
k—1
Wg = sup (fplffm)(ak): Z(fplifm)z (ai)ge/’php?e@ > ¢
i=1

for each k < 71

Specialization to common function classes 62 /90



Eluder dim for Finite action spaces

» Any action is ¢/-dependent on itself since

sup {(fpl 1) (@ o — ) (@) < prpn € @} oy

Therefore, for all € > 0, the e-eluder dimension of A is bounded by |.A|
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Eluder dim for Linear model

Proposition 5.

Suppose © C R? and fy(a) = 0T ¢(a). Assume there exist constants v and S such that for all
acAandpeO,|pllz2 <S8, and ||¢p(a)|l2 <. Then

dimp(F,€) < 3d(e/(e — 1)) In {3+ 3((25)/e)*} + 1
» To simplify the notation, define wy, as in previous page, ¢ = ¢ (ar),p = p1 — p2, and
Q= Zi:ll T .

> In this case, Zf:_f (for — fp2)2 (a;) = pT ®p, and by the triangle inequality ||p|l2 < 2S.

» The proof follows by bounding the number of times wy > € can occur.
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Eluder dim for Linear model - Proof Sketch

Step 1. If wy > €, then ¢}V, ') > L where Vi := &, + AT and A = (¢//(25))*.

Step 2. If w; > € for each i < k, then det V}, > \¢ (1 + %)kil and det
d
Vi < (W3(k—1)) /d+N)".
Step 3. Complete proof by solving k with the upper and lower bound of det V.
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65 /90



Eluder dim for Linear model - Proof

Step 1. If wy > €, then ¢}V, "¢y > L where V3 := &, + AT and \ = (¢//(25))*.
> We find
wy, < max {me T Bp < () p"Ip < (25)2}

< max {pT¢k 0" Vipr <2 (6/)2} = \/5(6/)2 ||¢k||vk—1 :

» The second inequality follows because any p that is feasible for the first maximization
problem must satisfy p” Vip < (¢/)* + A(259)2 = 2 (€)°.
» The third inequality follows by Cauchy-Schwarz inequality.

> By this result, wy, > ¢ implies Hqsku@kﬂ >1/2
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Eluder dim for Linear model - Proof

Step 2. If w; > € for each i < k, then det V}, > \? (%)kil and det Vi, < ((v*(k — 1)) /d + )\)d.

» Since Vi, = Vi1 + ¢>k¢£, using the matrix determinant lemma,

o 3 N L [3\E
det Vi, = det Vi1 (14 ¢ Vi ' ¢y) > det Vi_y 3 > .- > det[M] 5 =)\ 3

> Recall that det V} is the product of the eigenvalues of Vj, whereas trace [V}] is the sum.

» By AM-GM inequality, det V}, is maximized when all eigenvalues are equal. This implies

det Vi < ((trace [V]) /d)* < ((+*(k — 1)) /d+ )"
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Eluder dim for Linear model - Proof

Step 3. Manipulating the result of Step 2 shows k must satisfy the inequality:
(%)(kfl)/d < ap[(k —1)/d] + 1, where ag = 2 /X = (257/€')* . Let
B(z,0) =max{B: (1+z)® <aB+1}.
» The number of times wy, > ¢ can occur is bounded by dB (1/2, ) + 1
> Note that any B > 1 must satisfy the inequality In{1 + 2} B < In{1 + a} 4+ In B. Since
In{1 4+ x} > x/(1 + ), using the transformation of variables y = B[z /(1 + x)] gives

)
e

1
= y<(ln{1+a}+ln J;x)

ygln{l—i—a}—Fln

» This implies B(z,a) < (14 x)/z)(e/(e — 1))(In{1l + a} + In((1 + =) /x)).
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Elliptical potential lemma

» Let A;, Ay, --- be a sequence of vectors in R? that satisfy ||A¢lly < 1forallt>1. Fora
fixed constant A with A > 1, define the sequence of covariance matrices {¥;},., as

follows: -
Cl=A E =+ Y AA]

=1
» The elliptical potential lemma then asserts that

T
det)Z1 T
E < — < -

t=1

Specialization to common function classes 69 /90



Information theoretic perspective of the elliptical potential lemma

» Suppose R; =0T A; + N(0,1) and D = (A1, Ry,..., A1, Ry 1)
» Information gain of the new observation A;, Ry,

1(0; A, Ry | D) = H(0 | H(0 | D, Ay, Ry)

D) -
det St
= (1/2)E {log Aet(Zrer) |D], where X} = X1 + A,A]

— (1/2)E [1ogdet(1+2”2AtAT 1/2) |D]
= (1/2)E [log (1 + A/ XZ:A;) | D]

» Mutual information between the model parameter and history observations:

X
I(Q;AlaRla"' 7AT7RT) = (1/2)E |:10g dlet ! :|

det ZT—H
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Eluder dim for Generalized linear models

Proposition 6.

Suppose © C R? and fy(a) = g (67 ¢(a)) where g(-) is a differentiable and strictly increasing
function. Assume that there exist constants h, h,~, and S such that for all a € A and
p€O©,0<n<g (p"¢(a)) <h,lpll2 < S, and [|é(a)]|2 < . Then

dimp(F,€) < 3dr*(e/(e — 1)) In {3r* + 3r*((2Sh) /e)*} + 1

» Similar to the linear case.
Step 1. If wy > €, then ¢}V, 'y > 1/ (2r2) where Vj, := &, + AT and A = (¢//(2Sh))*.
Step 2. If w; > € for each i < k, then det Vi, > A? ()" and det Vj, < ((42(k — 1)) /d+\)".
Step 3. Complete proof by comparing the lower and upper bound of det Vj, to solve k.
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Eluder dim for Generalized linear models

Step 1. If wy, > €, then ¢f V"¢ > 1/ (2r?) where Vj, := @4 + AT and \ = (¢'/(25h))>.

» By definition w; < max {g (T o) : Zf:_ll g(pto (ai))2 < (), pTIp< (28’)2} .
» By the uniform bound on ¢/(+) this is less than
max {BpTaﬁk W2 pTdpp < ()%, pTIp < (25)2} < max {ﬁpchk B2 pTVip < 2 (6’)2} =

2(¢)? /72| ily. s
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Eluder dim for Generalized linear models

Step 2. If w; > ¢ for each i < k, then det V}, > \? (%) " and det V, < (v*(k=1)) /d+ )\)d
Step 3. The above inequalities imply k must satisfy (1+ 1/ (2r ))(k_l)/d < ag[(k —1)/d], where
ag =72/
> Therefore, as in the linear case, the number of times wy > ¢’ can occur is bounded by
dB (1/ (2r%),a0) + 1.
» Plugging these constants into the earlier bound
B(z,a) < ((1+z)/x)(e/(e — 1))(In{1 + a} + In((1 + z)/x)) and using 1 + = < 3/2,
yields the result.
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Conclusion

» MABs (RL) / Online Learning require fundamentally different notions of model complexity.

» Huge value in having a unified conceptual understanding.
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Other notion of complexity for online (sequential) learning

» Sequential Rademacher Complexity

» A. Rakhlin and K. Sridharan. Online non-parametric regression. In Conference on Learning
Theory, pages 1232-1264, 2014.

» A. Rakhlin and K. Sridharan. On martingale extensions of vapnik-chervonenkis theory with
applications to online learning. In Measures of Complexity, pages 197-215. Springer, 2015.

» A. Rakhlin, K. Sridharan, and A. Tewari. Sequential complexities and uniform martingale
laws of large numbers. Probability Theory and Related Fields, 161(1-2):111-153, 2015.
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Eluder dimension and its relation to RL

» Eluder Dimension applied to model-based RL [Osband and Van Roy 14’, Szepesvari and

Mengdi Wang et al. 20']
» Eluder Dimension applied to value-based RL [WSY20]
» Bellman Rank [JKALS17]
» Bellman Eluder Dimension [JLM21]

reactive PSRs

| reactive POMDPs |

linear MDPs linear MDPs

tabular MDPs

low Eluder
dimension

low Bellman
rank

low Bellman Eluder dimension

Figure: A schematic summarizing relations among families of RL problems
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Proof of Proposition 2

Lemma 10 (Concentration).

For any 6 > 0 and f : A — R, with probability at least 1 — 6,

1
Loa(f) 2 Lo (fo) + 5 1 = foll3 s, — 40® log(1/6)
simultaneously for all t € N.
Lemma 11 (Discretization error).

If f~ satisfies || f — f*| ., < «, then with probability at least 1 — 0,

N = ol — S 1 = Sl + o) — Lo (7°)

<at [80 + /802 In (412 /5)} Vit e N
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Proof of Proposition 2

> Let 7 C F be an a-cover of F in the sup norm in the sense that, for any f € F, there is
an f* € F* such that || f* — f||, <e.

» By a union bound, with probability at least 1 — 9,
1
Lot (f*) = Loy (fo) > 5 1f* = follom, — 402 log (|F*|/6) VteN, feF*
» Therefore, with probability at least 1 — § for all t € N and f € F

Lo(f) = Lne () 25 17 — foll2p, — 40”08 (171 /)

+ i {307 = Bl = 517 = foll e, + Baal) — Laa ()]

fa cF«

Discretization error
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Proof of Proposition 2

> Lemma 11 (Discretization error) asserts that with probability at least 1 — 4, the
discretization error is bounded for all ¢ by an;, where 1, :=¢ [80 + +/802%1n (4t2/6)]

> Since the least squares estimate ftLS has lower squared error than fy by definition, we find

with probability at least 1 — 2§

1, 2 o
5|75 =5, <40%108(F°1/8) +ams

» Equivalently,

|75 = 5], < VEoTlog (N (F,a. T T) /6) + 20m  V/Bi(F,5,0)
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Proof of Lemma 10 for proposition 2 - Exponential martingale

» Consider random variables (Z,, | n € N) adapted to the filtration (%, : n=0,1,...).

> Assume E [exp {\Z;}] is finite for all A.

» Define the conditional mean p; = E[Z; | H;_1].

» We define the conditional cumulant generating function of the centered random variable
[Zi — ] by 1i(X) = log E [exp (A [Z; — pi]) | Hi1]. Let

My, (A) = exp {Z)\ (Zi — ] — M‘(M}

Lemma 12 (Exponential martingale).
(M, (M) | n € N) is a martingale, and EM,,(\) =1

Lemma 13 (Martingale exponential inequality).

Forallz >0 and A > 0,P (3T ANZ; <z + > 7 i + (V)] ,VneN) > 1 —e™*.
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Proof of Lemma 10 for proposition 2

> We set H;_; to be the o-algebra generated by (Hy, Ay, 0) .
» By assumptions, € := R; — fy (A;) satisfies E[e; | H¢—1] = 0, and
E [exp {Xe:} | Hi—1] < exp {(A?0?) /2} ass. for all A.
> Define Z; = (fo (Ar) — Re)* — (f (Ai) — Ry)®
By definition, 327 Z; = Lar+1 (fo) — Loria(f)-
> Some calculation shows that Z; = — (f (A;) — fo (A¢))” +2(f (A) — fo (A)) e

Therefore the conditional mean and conditional cumulant generating function satisfy,

pe =E[Zy | Hioa] = — (f (Ar) — fo (A1)

v

Yi(N) = log E [exp (A [Zy — pue]) | He—1]

(2A[f (Ay) — fo (A))])° 02
2

= log K [exp (2A (f (A¢) — fo (Ar)) &) | Hia] <
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Proof of Lemma 10 for proposition 2

» Applying Lemma 11 shows that, for all z > 0,A >0

(Z N <z — /\Z — fo (Ap)* + %2 (2f (Ap) — 219 (AR))> o2Vt € N) >1—e®

» Or rearranging terms

P(izkg

k=1

V\H

¢
+Y O (f — fo (Ap))? (2002 — 1)Vt € N) >1—e"
k=1
> Choosing A = 1/ (40?) , 2 = log(1/J), and using the definition of 3"} Z; implies

P (Lz,t(f) > Loy (fo) + % IIf - f9||§7Et —40%1og(1/6),Vt € N) >1-46
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Proof of Lemma 11 for proposition 2

» Since any two functions in f, f* € F satisfy || f — f¢||., < C, it is enough to consider
a < C. We find

(720 (@) = (2@ £ _max [((a) +9)* = f(@)*] = 2f(a)a + a? < 2Ca +a?

» which implies
(@) = fo(@))? = (@) = fo@)?| = |[(/*) (@) = F(@)*] +2fa(a) (f(@) ~ /()
<4Ca + o?
[(Re = (@) = (Re = 12(@))| = 2Ry (£(a) = f(@) + f(@)* — f*(a)
< 2a|Ry| 4+ 2Ca + o2
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Proof of Lemma 11 for proposition 2

» Summing over t, we find that the left-hand side of Lemma 11 is bounded by

t—1 t—1

1
E (2 [4Ca + o?] + [2a|Rk+2Ca+aQ]> <a E (6C + 2|Ry|)
k=1 k=1

» Because ¢ is sub-Gaussian, P <|€k| > /202 1n(2/5)) < 4. By a union bound,

P(3kelt—1st |al> 2P (@2/5) < gzég

» Since |Ri| < C + |ek|, this shows that with probability at least 1 — § the discretization
error is bounded for all ¢ by an;, where 1, :=1¢ {80 +24/2021n (4t2/5)]
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Proof of Lemma 12 for Lemma 10

» By definition,

E[My(A) | Hol = E [exp {A [Z1 — ] = 1 (N)} | Hol = E[exp {A [Z1 — ]} [ Hol / exp {¢1 (M)}

» Then, for any n > 2,
E [My(A) | Hin-1] lexp {Z/\ (A)} exp {A [Zn — pin] — V(M) } | Hioa
= exp {Z AMZi = i) = 1/’1‘()‘)} Elexp {A [Z — pn] = (M)} | Hin—1]

= exp {z_: MZi — il = l/%()\)} = M,-1())
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Proof of lemma 13 for Lemma 10

» For any A, M, ()) is a martingale with EM,,(\) = 1. Therefore, for any stopping time
T, EMpn(X) = 1. For arbitrary x > 0, define 7, = inf {n > 0 | M,,(\) > =} and note
that 7, is a stopping time corresponding to the first time M,, crosses the boundary at x.

» Then EM, r.()\) =1 and by Markov's inequality,

x

> Note that the event {M, An(A) > 2} = Ui, {Mi(N) > z}.
» So we have shown that forallz >0and n >1

P (fj BIAE x}> <
k=1

B
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Proof of lemma 13 for Lemma 10

» Forallz >0andn>1

P (O (M(\) > x}) < %

k=1

» Taking the limit as n — oo, and applying the monotone convergence theorem shows
P (Ui {Mi(A) =z 2}) < 1/x, or

P (U {Mp(\) > e“}> <e®.
k=1
> Recall M, () =exp{>." | A[Z; — p;) — ¥i(A\)}, then

(U {Z)\ Vi(N) Zm}) <e . O

n=1
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