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Motivation

Simulated environment

@ Data are generally available.

Real environments

@ The environment complexity is often much greater than what
can be handled with available data.



Motivation

Can we design an agent to be efficient in a range of environment,
where the environment may be more complex than the
agent-environment interface complexity?



Agent-environment interface

Agent input

® Available actions A,

® Possible observations O,

® Agent states S,

® Agent state update function f : S x A x O — S,
Reward function r : § x A x O — [0,1],

® jnitial agent state sp € S,



Agent-environment interface

/ State

~

k Ripy = (S, Ay, Oup1)

History Hy = {A;, O;}ict

Observation
Sev1 = f(8e, Av, Ocir) O
Agent Environment
Reward Action
Az



Agent State and Policy

Consider two class of policy

® P based on current history

e P based on the current agent state
Clearly, PCP.

However,
@ History is unbounded,

@ policies in P require as input only the agent state, which can
be updated incrementally and only demands a fixed amount of
memory and per-timestep computation.



Performance measure and regret

Performance Measure
Performance of each policy m can be measured in terms of the
expected average per-period reward

T+1

= i infEL[(1/T R .
o= lim_infEx[(1/T) 3 Rew]

Regret

T-1
Regret( T) = Z(A* - Rt+1)7
t=0

where Ay, = sup, cp Ar



Main result

E[Regret(T)] = O((VSA + 73, ) T45 + SATY® £ AT),

@ 7z, reward averaging time, which represents the time scale
over which realized rewards should be averaged to accurately
estimate Az,

® A is a measure of achievable error in predicting optimal

expected discounted return, with sufficiently large discount
factors, based on agent state instead of history.



Main result

E[Regret(T)] = O((VSA + rz, ) T*®> + SATY®> + AT).
Agent is assured to operate reliably in arbitrarily complex
environments. Notably, the regret bound does NOT depend on

@ the number of possible environment states,
® environment dynamics,
© reward averaging times of other policies,

O mixing times of statistics beyond reward.



Main result

E[Regret(T)] = O((VSA+ rz, ) T*® + SATY® 4+ AT).

@ First result guaranteeing that an agent achieves near-optimal
average reward in time polynomial in the number of agent
states and actions and the reward averaging time of the
optimal policy in the reference class;

® First result demonstrating that a policy that achieves
near-optimal average reward can be computed in time
polynomial in the number of agent states and actions and an
upper bound on reward averaging times.



Formal problem statement

Environment

The environment is epresented by tuple (A, O, p), where A is a
finite set of actions, O is a set of observations, and p is a
conditional observation distribution.

After selecting action A;, agent has access to the history

H: = {A;, Oi}ict. Let H; be the set of all histories with duration t
and ‘H = U2 H; be the set of histories with finite duration, which
is saying that the number of action and observations in each
history is finite.

The transition to the next observation is governed by p.
Specifically, the next observations takes value o € O with
probability p(o|H, A¢). Forallo € O and any he€ H, s € A,
p(olh,a) > 0and > ., p(olh,a) =1.



Formal problem statement

Agent

The agent takes inputs as a tuple (S, f,r,Sp), where S is a finite
set of agent states, f : S X A x O — S is the agent state update
function, r : S x A x O — [0, 1] is the reward function and

So € S is the initial agent state.

The agent state evolves as

St+1 = f(St,At, Or11) -



Formal problem statement

Agent

The agent state update function can also be redefined with a
function that takes history as input

Ye(h) = F(... F(f(So, Ao, 01),A1,02) ..., At_1, Or).

Policy

A policy 7 takes history h € H and assigns a probability to each
action a € A such that 3, = 1.

Since an agent maintains agent state but not history in its memory,
it can only execute policies for which action probabilities depend on
history through agent state. We denote the set of such policies by

P = {m € P :pe(h1) = r(h2) — mp, = hy } -



Value functions

The history value functions are defined as

VI (h) = Ex[> v Regrpa|Hy = h],
t=0

where [ is the duration of h. Similarly, we have

Q7(h, a) W[Z’Y Retir1lHi = hAj = a].
=0



Reward averaging time

Regardless of the initial history, as long as the agent follows policy
7 for 7. /€ time steps, the expected average reward during this
period lies in [Ar — €, Az + €]. Formally, the reward averaging time
is defined by

1+T-1
= sup [E[ D Reqa|Hj=h—Ar-T|.
heM, T —

Note
This implies that if Ax = A.,, then E[Regre(T,n)] < 7



Algorithm

Algorithm 2 Discounted Q-learning subroutine
1: Input: f.r.T.~4.53
2: env.reset(h)

3:t=0,5 « c,‘i_,-(u'l)

1: Q(s,a) « 1/(1 —~),N(s,a) « 0, Vs,a
5: op + ;'—I-.v‘.ll =)

6: whilet <7 do

7 sample a ~ unif(arg max .. 4 Q(s.a’))

8. n=N(s,a) «— N(s,a)+1

9. 0 + env.exec(a)

10: s« f(s,a,0)

11 Q —r(s,a,0) + 7 -max,eq Q(s',a') + \—:_‘
122 Qs,a) — (1—an)-Q(s,a) +an - Q

13 s s, tet+1

14: end while

env.reset(h) resets the environment such that the initial history is
h. Such a method is not always available in practice. The reason
that we have it here is to demonstrate that our result holds
regardless of the initial history, as long as the agent starts from the
corresponding agent state.



Regret Bound

Theorem 2
If we run Algorithm 2 with

log(4T)

==

then for all T > 1 and initial history h € H, we have that

T—1
E[>  Vi(H)) = Vi, (H))]
1=0
17 13A SA
< 7(1 - 7)3/2 “\/SAT log(4T) + T - T+ 7(1 —7

where

A = sup{|Vi(h1) — Vi(h2)|h1, ho € H,¢(h1) = ¥re(h2)}



Regret Bound: Notation

Let Vi(s) be the value of agent state s at time t immediately
before action A; is taken and we use V;(h) as a shorthand for
Vi(¢r(h)). Similarly, we use Q¢(s,a) and Q:(h, a).
Further, for each t > 0, let 7 be the policy such that for each
h,aeH x A,

(me)n(a) = Bl (a)|Hi]

Therefore we have
E[V, ae(H:)] = E[E[V, o (He)|He]] = E[ Vi, (H:)],

and

E[Vr.(He)] = E[E[Z ’YIRt+I+1\Ht]] = Z’Y’ E[Ret/41]
1=0 =0



Regret Bound: Some derivation
After some algebraic manipulations, we can have

T-1
Vm(Ht) - Vﬂ.a/g(Ht) Z Vt Ht Q* Ht, ))
t=0
+ %(VT(HT) — Vg (Hes1))
T-1
- 1jv( Ver1(Hes1) — Vi(Het))
t=0
T-1
* ﬁ(Z(PV*(Ht’ At) = Vi(Het1))
t=0
T-1
+ ﬁ( 0(Pvﬂa,g(hrt,A,f) Vs (Hes1),
t=

(1)
where PV(Ht, At) = EHt+1NP(Ht,At) V(Ht)



Regret Bound: Probability Bound

Lemma 3. If we run Algorithm 2 with

4 T
- \/log =,
’ TS AR

then with probability at least 1 — &, for all h € H and t > 0 there is Vi(h) > Vi(h) — A/(1 — 7).



Regret Bound: Notation

Before we move on...

For agent state s € S and action a € A, let t,(s, a) be the
timestep corresponding to the n-th selection of action a in agent
state s. We have that

lpf(Ht,,(s,a)) =5, Atn(s,a) =a.

Set ty(s, a) to be 0 for all (s, a) and let n.(s, a)be the number of
times that action a is selected in agent state s prior to, and not
including, timestep t, i.e.

ne(s,a) = max{n: ty(s,a) < t}.

Further, we define Q,(h, a) to denote Qt,(vs(h),a)(h, a). Note that

A

@n(He, Ar) = max Qto(He,A) (Hey @) = Vi (1,40 (He) -



Regret Bound: Proof Sketch

Let event G be the event where lemma 3 holds, we have the
following inequality conditioned on G

Vt(Ht) - Q*(Hta ) <0¢nt(Ht t)(QO(Hta ) Q*(Hh ))]

3
a0
nt(HtaAt)
nt(Ht,At)

+ - Z Oé:"’t(HuAt) ’ (Vt,-(Ht,At)(Ht,-(Ht,At)H)
i=1

- V*(Ht;(Ht,At)+1)) :



Regret Bound: Proof Sketch

Because Q.(H:, At) < Vi(Hy),

Vi(He) — Vi(Hy) Sa?,t(HtAt (Qo(Hn t) — Qi«(Hy, At)
3B

nt(Htht)
nt(Ht,At)

+7- Z a;t(Ht,At) ’ (Vti(Ht»At)(Hti(Ht,At)+1)
i=1

= Vi(He(He a0 +1)) -

+A+



Regret Bound: Proof Sketch

Similar to the Q learning proof, we can show that

A
Vi(Hy) > V. (H;) —
t(He) > Vi(H:) =
Therefore we have that
T-1
Za?’t("’t: At) (QO(Hf’ t) — Qu(He, Ay)
t=0
1 T-1
S 1_ (nt(Ht, ) 0)
’y t=0
< SA



Regret Bound: Proof Sketch

Let Xt = Vt(Ht) — V (Ht) + —, We haVe that

T-1 T-1
X < Vi(He) — Qu(He, At)
t=0 t=0
A 33
—— +2AT + ————
1 Y / ne(He, At)

T—1 n:(Ht,At)

+7'Z Z Y (He A~ Xti(He A +1 -

t=1 i=1

The first inequality holds since Q.(Ht, At) < Vi(H:)



Regret Bound: Proof Sketch

Utilizing results from [CZS+], we have the following lemma.

Lemma 2. The following properties hold for o :

i

k «
(a) For every k > 1, Lk <3 7‘; < \%;
(b) For every k > 1, max;=1, _pai < iy and Zle(a}c)Q < k(14—7)’

(¢) For everyi> 1,32 ai = 3’—;'1



Regret Bound: Proof Sketch

By using the property of the step sizes, we have that

T—1 nt(Hr,At) . 3~ T-1
Z O‘:u(Ht,At) ’ th(Htht)Jrl S 2 Z Xt
t=1 i=1 t=0

Combining with (2), we have

Tl
3
(1- Xt§1—+2AT+ b

t:0 V/ ne(He, At) .



Regret Bound: Proof Sketch

After some algebraic manipulations, we have

\i

-1

1
— < 2VSAT.
t—o0 V nt(HtaAt)
Therefore
3y 2 SA
1—v 22035 X, < 22 4 2AT +68VSAT.

t=0 1—n



Regret Bound: Proof Sketch

Because

we have




Regret Bound: Proof Sketch

Thus,

A
> (Xe — 17)
-0 -7




Regret Bound: Proof Sketch

By the decomposition that we had (1), we obtain

T-1 _— . o
Vi(Hy) — Voag(He) <3/2 Z X + i ’7)2 + -
t=0 —
+2AT +68VSAT
T-1
+ %( PVi(He, A¢) — Vi(Hey1))
=
T-1
+ ﬁ( PV, e (He, As) — Vs (Her1))



Regret Bound: Proof Sketch

By using the Hoeffding inequality on the last two terms and
conditioned on event G, we have

B[S Ve(He) — Vao(HO) =E[S" Ve(He) — Vo (He)]
t=0 t=0

T-1

<E[)  Ve(Hr) = Vi (H1)|G]
t=0

17 2T
<= T
S VAT

13A 6S A
+ oo T

1—y (1=9)

Substituting 6 = 1/(2T) gives us the final answer.



Averaged return

Theorem 3. Let ' € P be an arbitrary policy. If we run Algorithm 2 with

~ 44/log(4T)

3 = 2
! (1-7):2

then for all T > log(T)/(1 — ),

= 17 , 9S.A + 210g(T) |
E LX:;) Aw — Rm} < T SAT log(4T) + [13A +(1— y)f,,/} ST+ oy (33
Lemma 1. Forallm € P, h € H and vy € [0,1),
A
Y(h) — —"—| < Tn.
v - | <.




Averaged return: Proof Sketch

T—1
2| S vm v - e[S
t=0 Li=

E

v
b
/N

—
| >
5
St
|
3
~—

oo
Z “/R:w“]

The first equality is because of
E[Via (He)] = E[E[V e (He)[He]] = E[ Vi, (He)]
and the second inequality is because of

E[Vir,(He)] = E[E[Y v/ RevipalHell = Y 7' E[Rerspal],
1=0 1=0

and Lemma 1.



Averaged return: Proof Sketch

Since |A\r — Re| <1,

f+l Tl (/\ R
E - (Aw = Reg1)
[z T 1=y

Let Ty = [log(T)/(1 — 7)]. then for all ¢t > T,



Averaged return: Proof Sketch

This enables us to show that,

T-1 1 —Att ] T-1 At
E Z = “(Aw = Rep)| = Z,_ o —Rip)| —E ﬂlfﬁ'(/\"liRi“
=Ty =Ty ] =Ty
T-1 I
> L E - R'+l) - 7

T
:"3
T
=

Arr = Riga) | — (_

T
:‘1

v
&
3
L

v
|H
—
-
~

—Ren)| = i

:3

On the other hand,

1 - log(T)
E| Y = .(Aﬂ,_n,ﬂ)}z—ﬁ-ﬂ;z—(l_ﬂz‘




Averaged return: Proof Sketch

Leveraging the result from Theorem 2, that

T—1
E|N vo(H) -V (Ht)] < ZV (Hy) - Ht)}
t=0 t=0
= ZV7 Hy) =V ( Ht)}
t=0
A
17 S.ATlog(4T)+—3 T+ 65A

(1—~)% l—v (=2



Averaged return: Proof Sketch

As long as T' > Ty, there should be

E

N

(1—=9)2 (1-2)
log(T) + 1
(1=2)

17 7 - V/SATlog(4T) + 13A - T + 954

(1=7)? (1=

T-1

17 6S
D> A - Rt+1} < A /SATlog(dT) + 138 T 4 24
t=0

+1+ (1= T+ T

IN




Optimistic Q learning

Algorithm 1 Optimistic Q-learning.
: Input: so, f,r
: initialize restart timestamps Ty = 0, T, = 20 x 2k
: env.init()
ct=0,k=0,5s=s9
: while true do
if t = T} then .
Y 1-1YTE,
Q(s,a) < 1/(1 —~),N(s,a) « 0, Vs,a

24+(1-7) —
ap — 2“(1:2), (=1,2,...

10: B 4\/log Tip1 /(1 —7)3

11: kek+1

12:  end if

13:  sample a ~ unif (arg max, . 4, Q(s, a’))
14: n=N(s,a) < N(s,a)+1

15: 0 < env.exec(a)

16: 8"« f(s,a,0)

17 Q< r(s,a,0) + 7 - maxg e 4 Q(s, a') + 5=

n

© XN S U e W

18: Q(s,a) « (1 —an) - Q(s,a) + an - Q
19: s+ s, t+t+1
20: end while




Optimistic Q learning

Each epoch in Algorithm 1 is equivalent to the discounted
Q-learning subroutine (Algorithm 2) with a different discount

factor.
One more step in the proof is required, this is left to interested

audience.



