
Policy Gradient Methods in Markov Decision Processes

Ziniu Li
ziniuli@link.cuhk.edu.cn

The Chinese University of Hong Kong, Shenzhen, Shenzhen, China

April 9, 2021

Mainly based on the COLT 2020 paper:

Agarwal, Alekh, et al. “Optimality and approximation with policy gradient methods in markov decision processes.” Annual

Conference on Learning Theory, 2020.



Outline

Background

Markov Decision Process

Optimization Theory

Policy Gradient Method

Policy Gradient Theorem

Parameterization

Nonconcavity, Smoothness and Gradient Domination

Global Convergence of Policy Gradient Methods

Projected Gradient Ascend

Proofs

Summary

Background 2 / 50



Outline

Background

Markov Decision Process

Optimization Theory

Policy Gradient Method

Policy Gradient Theorem

Parameterization

Nonconcavity, Smoothness and Gradient Domination

Global Convergence of Policy Gradient Methods

Projected Gradient Ascend

Proofs

Summary

Background 3 / 50



Markov Decision Process

I An infinite-horizon discounted Markov Decision Process (MDP) [Puterman, 2014] is

described by a tuple M = (S,A, P,R, γ, ρ):

– S and A are the finite state and action space, respectively.

– p(s′|s, a) is the transition probability matrix.

– r : S ×A 7→ [0, 1] is the deterministic reward function.

– γ ∈ (0, 1) is the discount factor.

– ρ specifies the initial state distribution.
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Markov Decision Process: Policy

I To interact with MDP, we need a policy π to select actions.

– π(a|s) determines the probability of selecting action a at state s.

I The quality of policy π is measured by state value function V π:

V π(s) = E

[ ∞∑

t=0

γtr(st, at)|π, s0 = s

]
. (1)

– V π(s) measures the the expected long-term discounted reward when starting from state s.

– V π(s) ∈ [0, 1
1−γ ] by definition.

I To take the initial state distribution into account, we define

V π(ρ) = Es0∼ρ [V π(s0)] . (2)
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Markov Decision Process: Value Function

I Sometimes, it is more convenient to introduce state-action value function Qπ:

Qπ(s, a) = E

[ ∞∑

t=0

γtr(st, at)|π, s0 = s, a0 = a

]
. (3)

– Qπ(s, a) measures the the expected long-term discounted reward when starting from state s

with action a.

– V π(s) = Ea∼π(·|s) [Qπ(s, a)] by definition.

I To further qualify the benefits of selecting an action a, we introduce advantage function

Aπ(s, a):

Aπ(s, a) = Qπ(s, a)− V π(s). (4)

♠ :
∑
a∈A π(a|s)Aπ(s, a) = 0.
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Markov Decision Process: Discounted Stationary Distribution

I To facilitate later analysis, we introduce discounted stationary distribution dπ:

dπs0(s) = (1− γ)

∞∑

t=0

γtP(st = s|π, s0). (5)

♠ : dπs0(s) measures the discounting probability to visit s starting from the initial state s0.

I To take the initial state distribution into account, we define dπρ as

dπρ (s) = Es0∼ρ
[
dπs0(s)

]
. (6)
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Markov Decision Process: Example

I Consider the following MDP example: a1 : “up”; a2 : “right”.

s1 s2

s4

s5

s3

0

0

0

0

0 r > 0

0

Figure 1: A simple deterministic MDP cor-
responding to Lemma 3.1 where V πθ(s) is
non-concave. The numbers on arrows repre-
sent the rewards for each action.

s0 s1 · · · sH sH+1

a1

a1 a1

a1

a2 a2

a3

a4

a3

a4

Figure 2: A deterministic, chain MDP of length
H+2. We consider a policy where π(a|si) = θsi,a

for i = 1, 2, . . . , H . Rewards are 0 everywhere
other than r(sH+1, a1) = 1.

Policy gradients. In order to introduce these methods, it is useful to define the discounted state
visitation distribution dπ

s0
of a policy π as:

dπ
s0

(s) := (1− γ)
∞∑

t=0

γtPrπ(st = s|s0), (4)

where Prπ(st = s|s0) is the state visitation probability that st = s, after we execute π starting at
state s0. Again, we overload notation and write:

dπ
ρ(s) = Es0∼ρ

[
dπ

s0
(s)
]

,

where dπ
ρ is the discounted state visitation distribution under initial distribution ρ.

The policy gradient functional form (see e.g. Williams [1992], Sutton et al. [1999]) is then:

∇θV
πθ(s0) =

1

1− γ
Es∼d

πθ
s0

Ea∼πθ(·|s)
[
∇θ log πθ(a|s)Qπθ(s, a)

]
. (5)

Furthermore, if we are working with a differentiable parameterization of πθ(·|s) that explicitly
constrains πθ(·|s) to be in the simplex, i.e. πθ ∈ ∆(A)|S| for all θ, then we also have:

∇θV
πθ(s0) =

1

1− γ
Es∼d

πθ
s0

Ea∼πθ(·|s)
[
∇θ log πθ(a|s)Aπθ(s, a)

]
. (6)

Note the above gradient expression does not hold for the direct parameterization. 2

The performance difference lemma. The following lemma is helpful throughout:

2This is since
∑

a∇θπθ(a|s) = 0 is not explicitly maintained by the direct parameterization, without resorting to
projections.

11

1

1

π(a2|s1) = 1;

π(s2|a1) = 0.5, π(s2|a2) = 0.5.

dπρ (·) = (1− γ) ·
(

1, γ, 0, 0.5 γ2

1−γ , 0.5
γ2

1−γ

)
.

V π(s1) = 0 + 0.5 [γ × 1] + 0.5
[
γ2 × 1 + γ3 × 1 + · · ·

]
=

0.5γ

1− γ ,

Qπ(s2, a1) = 1, Qπ(s2, a2) =
γ

1− γ , V π(s2) =
0.5

1− γ ,

Aπ(s2, a1) = 1− 0.5

1− γ , Aπ(s2, a2) =
γ − 0.5

1− γ .

♠ : at state s2, a1 has a larger advantage if γ > 0.5.
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Optimization Theory: Nonconvexity & Smothness

I We mainly focus on gradient-based optimization methods, which are shown to converge to

some stationary point for any differentiable function.

I For differentiable functions, we can categorise them according to convexity.

– for convex functions, all stationary points are global;

– for nonconvex functions, if there is no saddle point, the stationary point is a local minima.

I To better qualify the convergence rate, we often assume the gradient of differentiable is

β-Lipschitz continuous (sometimes, we call it β-smooth).

– specifically, β-smooth means that

‖∇f(x)−∇f(y)‖ ≤ β ‖x− y‖ , ∀x, y ∈ Rn. (7)

– by simple calculus, β-smooth implies the following upper bound

f(y) ≤ f(x)− 〈∇f(x), y − x〉+ 0.5β ‖y − x‖2 , ∀x, y ∈ Rn (8)
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Optimization Theory: Nonconvexity & Smothness

I Consider the simplest algorithm: gradient descend.

xt+1 = xt − η∇f(xt). (9)

I β-smooth implies:

f(xt+1) ≤ f(xt)− 〈∇f(xt), xt+1 − xt〉+ 0.5β
∥∥xt+1 − xt

∥∥2

= f(xt)− η (1− 0.5βη)
∥∥∇f(xt)

∥∥2
.

♠ : if η is small enough (i.e., η < 2β−1), we have f(xt+1) ≤ f(xt), which is called the

descend property in smooth optimization.

I Considering the stepsize η = 1
β , we obtain that

∥∥∇f(xt)
∥∥2 ≤ 2β

(
f(xt)− f(xt+1)

)
. (10)
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Optimization Theory: Nonconvexity & Smothness

I Summing up (10) over t = 0, 1, · · · , T − 1, we obtain that
T−1∑

t=0

∥∥∇f(xt)
∥∥2 ≤ 2β

(
f(x0)− f(xT )

)

=⇒ min
t=0,··· ,T−1

∥∥∇f(xt)
∥∥2 ≤ 2β

(
f(x0)− f(xT )

)

T

=⇒ min
t=0,··· ,T−1

∥∥∇f(xt)
∥∥ ≤

√
2β (f(x0)− f(xT ))

T
. (11)

I To summarize, for nonconvex smooth optimization, the speed to find a stationary point

/local minima is in order of O(
√
β/T ).
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Optimization Theory: Polyak-Lojasiewicz (PL) condition:

I The β-smooth assumption leads to a local convergence result and we cannot get a global

convergence in general nonconvex optimization

I However, Polyak-Lojasiewicz (PL) condition [Polyak, 1963, Lojasiewicz, 1963] implies

gradient domination and global convergence:

‖∇f(x)‖2 ≥ µ
(
f(x)−min

x
f(x)

)
,

♠ : all stationary points are global miniziers!

PL Inequality for Invex and Non-Convex Functions

While PL inequality does not imply convexity, it implies invexity.
For smooth f , invexity ⇐⇒ all stationary points are global optimum.
Example of invex but non-convex function satisfying PL:

f(x) = x2 + 3 sin2(x)

x

f(x) 

Many important models don’t satisfy invexity.
For these problems we often divide analysis into two phases:

Global convergence: iterations needed to get “close” to minimizer.
Local convergence: how fast does it converge near the minimizer?

Usually, local convergence assumes strong-convexity near minimizer.
If we assume PL, then local convergence phase may be much earlier.

8 / 17

f(x) = x2 + sin2(x), which is nonconvex but satisfies the PL condition.
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Optimization Theory: Short Summary

I Two properties are important for convergence analysis: smoothness and regularity

conditions.

I Smoothness (such as gradient Lipschitz continuous) ensures “descend” trend.

I Regularity conditions (such as Polyak-Lojasiewicz (PL) condition) ensures the global

convergence.

I To establish the global convergence of policy gradient methods, we need to first identify

these properties, which will be shown later.
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Optimization Theory: Constrained Optimization

I In previous, we consider the unconstrained optimization X = Rn. Here, we briefly review

the optimality condition for constrained optimization.

I Consider a convex set X , a direct sufficient first-order optimality condition is

d>∇f(x∗) ≥ 0, ∀d ∈ RX (x∗),

where RX (x∗) = {d ∈ Rn : ∃t∗ > 0 such that x+ td ∈ X for all t ∈ [0, t∗)}.
I Note that equivalently, we have

(x− x∗)>∇f(x∗) ≥ 0, ∀x ∈ {x∗}+ tRX (x∗).

I Therefore, gradient domination in PL condition need to be revised in this setting.

– Specific form is given in later (see Lemma 3).
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Policy Gradient Theorem

Theorem 1 (Policy Gradient Theorem).

Consider policy π is parameterized by θ, then we have for any state s0 ∈ S,

∇θV πθ (s0) =
1

1− γEs∼d
πθ
s0
Ea∼πθ(·|s)E [∇θ log πθ(a|s)Qπθ (s, a)] . (12)

In addition, if this parameterization satisfies the simplex constraint, that is
∑
a∈A πθ(a|s) = 1,

we further have:

∇θV πθ (s0) =
1

1− γEs∼d
πθ
s0
Ea∼πθ(·|s)E [∇θ log πθ(a|s)Aπθ (s, a)] . (13)

♠ : As long as we know exact Qπθ (or Aπθ ) and dπθ , policy gradient is available.

♠ : This assumption is very strong in practice, where it is impossible to evaluate a policy π

perfectly (instead, people use Monte Carlo estimation).

Policy Gradient Method 18 / 50
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Policy Gradient Methods: Direct Parameterization

I It is natural to build up a table θ ∈ R|S|×|A|, in which θsa = π(a|s) is the probability of

selecting action a at state s. We call this direct parameterization.

– To satisfy the probability simplex condition, we require
∑
a∈A θsa = 1 for every state s.

I Note that the policy gradient in (12) or (13) does not hold for this parameterization.

– This is because
∑
a∇θπθ(a|s) = 0 is not explicitly maintained by the direct parameterization.

I By inspecting the proof of Theorem 1, we get the following expression for direct

parameterization:

∇θV πθ (s0) =
1

1− γEs∼dπs0

[∑

a∈A
∇πθ(a|s)Qπ(s, a)

]
.

I Since θsa and π(a|s) is one-to-one, we may write the gradient as ∇π instead of ∇θ. Then,

focusing on the single π(a|s) element, we get

∂V π(µ)

∂π(a|s) =
1

1− γ d
π
µ(s)Qπ(s, a). (14)
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Policy Gradient Methods: Softmax Parameterization

I To avoid the probability simplex, we can use the so-called softmax parameterization:

π(a|s) =
exp(θs,a)∑

a′∈A exp(θs,a′)
. (15)

I Advantage: the associated optimization problem is unconstrained.

I Disadvantage: it cannot approximate the deterministic policy in finite regime.

Policy Gradient Method 21 / 50
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Nonconcavity of Policy Gradient Optimization

Lemma 1.

There is an MDP M (see Figure 2) such that the optimization problem is not concave for both

direct parameterization and softmax parameterization.

s1 s2

s4

s5

s3

0

0

0

0

0 r > 0

0

Figure 1: A simple deterministic MDP cor-
responding to Lemma 3.1 where V πθ(s) is
non-concave. The numbers on arrows repre-
sent the rewards for each action.

s0 s1 · · · sH sH+1

a1

a1 a1

a1

a2 a2

a3

a4

a3

a4

Figure 2: A deterministic, chain MDP of length
H+2. We consider a policy where π(a|si) = θsi,a

for i = 1, 2, . . . , H . Rewards are 0 everywhere
other than r(sH+1, a1) = 1.

Policy gradients. In order to introduce these methods, it is useful to define the discounted state
visitation distribution dπ

s0
of a policy π as:

dπ
s0

(s) := (1− γ)
∞∑

t=0

γtPrπ(st = s|s0), (4)

where Prπ(st = s|s0) is the state visitation probability that st = s, after we execute π starting at
state s0. Again, we overload notation and write:

dπ
ρ(s) = Es0∼ρ

[
dπ

s0
(s)
]

,

where dπ
ρ is the discounted state visitation distribution under initial distribution ρ.

The policy gradient functional form (see e.g. Williams [1992], Sutton et al. [1999]) is then:

∇θV
πθ(s0) =

1

1− γ
Es∼d

πθ
s0

Ea∼πθ(·|s)
[
∇θ log πθ(a|s)Qπθ(s, a)

]
. (5)

Furthermore, if we are working with a differentiable parameterization of πθ(·|s) that explicitly
constrains πθ(·|s) to be in the simplex, i.e. πθ ∈ ∆(A)|S| for all θ, then we also have:

∇θV
πθ(s0) =

1

1− γ
Es∼d

πθ
s0

Ea∼πθ(·|s)
[
∇θ log πθ(a|s)Aπθ(s, a)

]
. (6)

Note the above gradient expression does not hold for the direct parameterization. 2

The performance difference lemma. The following lemma is helpful throughout:

2This is since
∑

a∇θπθ(a|s) = 0 is not explicitly maintained by the direct parameterization, without resorting to
projections.

11

A simple MDP example corresponding to Lemma 1. For this MDP, both direct parameterization and softmax parameterization
yield a nonconcave optimization problem. Figure from [Agarwal et al., 2020].
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Nonconcavity of Policy Gradient Optimization

I To understand the idea in Lemma 1, let us consider a simple function:

f(x, y) = xy, ∇f(x) =

[
y

x

]
, ∇2f(x, y) =

[
0 1

1 0

]
(16)

♠ : this function is convex/concave w.r.t x or y, but is neither convex or concave w.r.t.

(x, y).

I Informally,

expected return =
∑

trajectory

P(trajectory)×R(trajectory).

I We see that P(trajectory) =
∏∞
t=0 π(at|st)p(st+1|st, at) could have the structure in (16);

therefore, we expect it is nonconcave for policy optimization.
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Proof of Lemma 1

I Let a1 be the “up” action and a2 be “right” action in the MDP displayed in Figure 2.

I We see that only the “up” action at s2 has positive reward. Consider the initial state as s1,

then we have

V π(s1) = π(a2|s1)π(a1|s2) · r.
I Consider θ = (θa1,s1 , θa2,s1 , θa1,s2 , θa2,s2) with the following values:

θ(1) = (log 1, log 3, log 3, log 1), θ(2) = (− log 1,− log 3,− log 3,− log 1).

I For the softmax parameterization, we have that

π(1)(a2|s1) =
3

4
; π(1)(a1|s2) =

3

4
; V (1)(s1) =

9

16
r;

π(2)(a2|s1) =
1

4
; π(2)(a1|s2) =

1

4
; V (2)(s1) =

1

16
r;
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Proof of Lemma 1

I Now, consider θ(mid) = (θ(1) + θ(2))/2,

π(mid)(a2|s1) =
1

2
; π(mid)(a1|s2) =

1

2
; V (mid)(s1) =

1

4
r;

I We see that V (1)(s1) + V (2)(s1) > 2V (mid)(s1); thus, the optimization problem for softmax

parameterization is not concave.

I Finally, note the above argument also holds for the direct parameterization.
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Smoothness in Policy Optimization

Lemma 2 (Smothness for direct parameterization).

For all starting states s0 and policies π, π′, we have
∥∥∥∇πV π(s0)−∇πV π

′
(s0)

∥∥∥
2
≤ 2γ|A|

(1− γ)3
‖π − π′‖2 . (17)

♠ : the proof is very technical and can be found in [Agarwal et al., 2020].
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Gradient Domination in Policy Optimization

Lemma 3 (Gradient domination for direct parameterization).

For the direct policy parameterization, for all state distributions µ, ρ ∈ ∆(S), we have

V ∗(ρ)− V π(ρ) ≤
∥∥∥∥∥
dπ
∗

ρ

dπµ

∥∥∥∥∥
∞

max
π

(π − π)
>∇πV π(µ) (18)

≤ 1

1− γ

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥
∞

max
π

(π − π)
>∇πV π(µ), (19)

where max is over the set of all policies, i.e., π ∈ ∆(A)|S|.

♠ : the reasoning from (18) to (19) is easy because

dπµ(s) := (1− γ)
∑∞
t=0 γ

tP(st = s|π, s0 ∼ µ), which implies dπµ(s) ≥ (1− γ)µ(s) for all s ∈ S.
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Gradient Domination in Policy Optimization: Proof of Lemma 3

I The proof of Lemma 3 relies on another famous lemma.

Lemma 4 (Performance difference lemma[Kakade and Langford, 2002]).

For all policies π and π′ and state s0, we have

V π(s0)− V π′(s0) =
1

1− γEs∼dπs0Ea∼π(·|s)

[
Aπ
′
(s, a)

]
. (20)

I Intuitively, Lemma 4 states that the value difference between two policies equal to the

expected advantages of the reference policy π′ over the distribution induced by the

evaluation policy π.
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Gradient Domination in Policy Optimization: Proof of Lemma 3

Based on performance difference lemma (Lemma 4), we have

V ∗(ρ)− V π(ρ) =
1

1− γEs0∼ρEs∼dπ
∗
s0
Ea∼π∗(·|s) [Aπ(s, a)]

=
1

1− γEs∼dπ
∗
ρ
Ea∼π∗(·|s) [Aπ(s, a)]

≤ 1

1− γEs∼dπ
∗
ρ
Ea∼π∗(·|s)

[
max
a

Aπ(s, a)
]

=
1

1− γEs∼dπ
∗
ρ

[
max
a

Aπ(s, a)
]

=
1

1− γEs∼dπµ

[
dπ
∗

ρ (s)

dπµ(s)
max
a

Aπ(s, a)

]

≤ 1

1− γ

(
max
s

dπ
∗

ρ (s)

dπµ(s)

)
Es∼dπµ

[
max
a

Aπ(s, a)
]
.
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Gradient Domination in Policy Optimization: Proof of Lemma 3

Next, connect maxaA
π(s, a) with policy gradient:

1

1− γEs∼dπµ
[
max
a

Aπ(s, a)
]

= max
π∈∆(A)|S|

∑

s,a

dπµ(s)

1− γ π(a|s)Aπ(s, a)

= max
π∈∆(A)|S|

∑

s,a

dπµ(s)

1− γ (π(a|s)− π(a|s))Aπ(s, a)

= max
π∈∆(A)|S|

∑

s,a

dπµ(s)

1− γ (π(a|s)− π(a|s))Qπ(s, a)

= max
π∈∆(A)|S|

(π − π)
>∇πV π(µ),

Policy Gradient Method 31 / 50



Gradient Domination in Policy Optimization: Remark

Combing the above inequalities, we obtain the gradient domination theorem:

V ∗(ρ)− V π(ρ) ≤
∥∥∥∥∥
dπ
∗

ρ

dπµ

∥∥∥∥∥
∞

max
π∈∆(A)|S|

(π − π)
>∇πV π(µ)

≤ 1

1− γ

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥
∞

max
π

(π − π)
>∇πV π(µ).

I We quickly get that maxπ∈∆(A)|S| (π − π)
>∇πV π(µ) = 0 =⇒ V π(ρ) = V ∗(ρ).

I The optimization distribution is allowed to be different from the initial state distribution ρ,

and the distribution mismatch coefficient
∥∥dπ∗ρ /µ

∥∥
∞ captures the exploration difficulty.

– Note that
∥∥∥dπ∗ρ /µ

∥∥∥
∞

could be exponentially large for hard exploration problems (see [Agarwal

et al., 2020, Section 4.3].
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Projected Gradient Ascend

I We consider a very simple algorithm: projected gradient ascend (PGA):

π(t+1) = P∆(A)|S|

(
πt + η∇πV (t)(µ)

)
, (21)

where P∆(A)|S| denotes the projection on the probability simplex ∆(A)|S| in terms of the

Euclidean norm, that is,

P∆(A)|S|(π) ∈ argmin
π∈∆(A)|S|

‖π − π‖22 .

The Chinese University of Hong Kong, Shenzhen // School of Data Science · SDS

Optimization Theory and Algorithms · CIE /DDA6010 · Fall 2020/21
Projections and Proximity Operators

Projection onto a box
Set C := [a, b], a, b ∈ Rn, a ≤ b, then

P[a,b](x) = max{min{x, b}, a}.

Projection onto a hyperplane
Set C := {x ∈ Rn : a>x = b}, a ∈ Rn, b ∈ R, then

PC(x) = x+
b− a>x
‖a‖2 · a.

Projection onto an `2-ball
Set C := {x : ‖x‖ ≤ r}, r > 0, then

PC(x) =
rx

max{r, ‖x‖} =

{
x if ‖x‖ ≤ r,
r · x
‖x‖ if ‖x‖ ≥ r.

Projection onto an `1-ball
Set C := {x ∈ Rn : ‖x‖1 ≤ r}, r > 0, then

PC(x) = x− proxr‖·‖∞(x).

Projection onto a simplex
Set C := {x ∈ Rn : x ≥ 0,

∑n
i=1 xi = η}, η > 0, then

[PC(x)]i = max{0, xi − τ}.
The factor τ ∈ R is determined as follows: let y = x↓ be a sorted copy of x with y1 = x↓1 ≥ y2 = x↓2 ≥ ... ≥ yn = x↓n.
Calculate τi = [

∑i
k=1 yi − η]/i and q = max{j ∈ {1, ..., n} : yj > τj} and set τ = τq.

Projection onto the `2-epigraph
The epigraph of ‖·‖2 is called ice cream cone or Lorentz cone and it is given by epi ‖·‖ := {(x, t) ∈ Rn×R : ‖x‖ ≤ t}.
It holds that

Pepi ‖·‖(x, t) =





(x, t) if ‖x‖ ≤ t,
‖x‖+t
2‖x‖ (x, ‖x‖) if − ‖x‖ ≤ t ≤ ‖x‖,

(0, 0) if t ≤ −‖x‖.
Projection onto the set of positive semidefinite matrices
Let Sn+ be the set of n × n symmetric, positive semidefinite matrices and let X ∈ Rn×n be a symmetric matrix
with eigenvalue decomposition X = QΛQ>, Λ = diag(λ), Q ∈ Rn×n, Q>Q = QQ> = I. It holds that

PSn+(X) = Qdiag(max{0, λ})Q>.

Proximity operator of the `1-norm
Set ϕ(x) = µ‖x‖1; it holds that

proxλϕ(x) = x− P[−λµ,λµ](x) = x−max{min{x, λµ},−λµ}.

Proximity operator of the `2-norm
Set ϕ(x) = µ‖x‖2 and Bλµ(0) = {x : ‖x‖ ≤ λµ}; it holds that

proxλϕ(x) = x− PBλµ(0)(x) =
x

‖x‖ ·max{‖x‖ − λµ, 0}.

Proximity operator of the maximum-norm
Set ϕ(x) = µ‖x‖∞ = µ ·max1≤i≤n |xi|; it holds that

[proxλϕ(x)]i = sign(xi) min{|xi|, τ}
The factor τ is determined as follows: let y = |x|↓ be a sorted copy of |x| with y1 = |x1|↓ ≥ y2 = |x2|↓ ≥ ... ≥ yn =
|xn|↓. Calculate τi = [

∑i
k=1 yi − λµ]/i and q = max{j ∈ {1, ..., n} : yj > τj} and set τ = τq.

Projection onto a simplex. Figure from DDA6010, Fall 2020 by Andre Milzarek at CUHKSZ.
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Projected Gradient Ascend

Theorem 2 (Global convergence of projected gradient ascent for direct

parameterization).

For any initial state distribution ρ, the projected gradient ascent algorithm (21) with stepsize

η = (1−γ)3

2γ|A| satisfies

min
t<T

{
V ∗(ρ)− V (t)(ρ)

}
≤ ε, whenever T ≥ 64γ|S||A|

(1− γ)6ε2

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥

2

∞

. (22)

♠ : This result should not be surprised since we know that the gradient norm of PGA converges

in O(
√
β/T ) with β = 2γ|A|(1− γ)−3 (see Lemma 2); see the detailed proof for the additional

(1− γ)3
√
|S| term.
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Proof of Theorem 2

Recall that the proof is almost done by the following steps:

(1) Show that the norm of gradient mapping Gη (i.e., the generalized gradient norm)

diminishes in O(
√
β/T ) (i.e., the generalized result in (11) for constrained optimization).

Gη =
1

η

(
P∆(A)|S| (π + η∇πV π(µ))− π

)
, (23)

(2) (New) Show that a small ‖Gη‖ implies the optimality condition, that is,

‖Gη‖ ≤ ε =⇒ max
π∈∆(A)|S|

(π − π)
>∇πV π(µ) ≤ O (ε) .

(3) Apply the gradient domination lemma (Lemma 3) to show that V ∗(ρ)− V π(ρ) is small

conditioned on maxπ∈∆(A)|S| (π − π)
>∇πV π(µ) is small.
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Proof of Theorem 2: Step (1)

This step directly follows the classical convergence result of project gradient result on nonconvex

optimization problems.

Lemma 5.

For a β-smooth function, with stepsize η = 1/β, the projected gradient descend algorithms

satisfies:

min
t=0,··· ,T−1

∥∥Gη(xt)
∥∥ ≤

√
2β (f(xT )−minx f(x))

T
,

where Gη(x) is called gradient mapping:

Gη(x) =
1

η
(x− PX (x− η∇f(x))) .

See [Beck, 2017, Theorem 10.15] for the proof.
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Proof of Theorem 2: Step (2)

Step (2) uses the following useful proposition.

Proposition 1.

Let V π(µ) be β-smooth in π. Define the gradient mapping

Gη =
1

η

(
P∆(A)|S| (π + η∇πV π(µ))− π

)
, (24)

and the update rule for the projected gradient is π+ = π + ηGη. If ‖Gη‖2 ≤ ε, then

max
π++δ∈∆(A)|S|,‖δ‖2≤1

δ>∇πV π
+

(µ) ≤ ε(ηβ + 1). (25)
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Proof of Theorem 2: Step (2)

Proof: By [Ghadimi and Lan, 2016, Lemma 3], we have

∇πV π
+

(µ) ∈ N∆(A)|S|(π
+) + ε(ηβ + 1)B2,

where N∆(A)|S|(π
+) is the normal cone of the product simplex ∆(A)|S| and B2 is the unit ball.

Note that δ is in the tangent cone, we quickly get the desired result.

Tangent cone and normal cone. Figure from [Foygel and Mackey, 2014].
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Proof of Theorem 2: Step (2)

I From step (1) (Lemma 5) and Proposition 1, we have

min
t=0,··· ,T−1

max
π(t)+δ∈∆(A)|S|,‖δ‖2≤1

δ>∇πV π
(t)

(µ) ≤ (ηβ + 1)

√
2β
(
V ∗(µ)− V (0)(µ)

)

T
.

(26)

♠ : by choosing η = 1/β, the coefficient in RHS of (26) becomes 2.

I Then, we remains to connect maxπ(t)+δ∈∆(A)|S|,‖δ‖2≤1 δ
>∇πV π

(t)

(µ) with

maxπ∈∆(A)|S| (π − π)
>∇πV π(µ) in the gradient domination lemma.
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Proof of Theorem 2: Step (2)

Observe that

max
π∈∆(A)|S|

(π − π)
>∇πV π(µ) = 2

√
|S| max

π∈∆(A)|S|

1

2
√
|S|

(π − π)>∇πV π(µ)

δ:=π−π
== 2

√
|S| max

π+δ∈∆(A)|S|

1

2
√
|S|

δ>∇πV π(µ)

(1)

≤ 2
√
|S| max

π+δ∈∆(A)|S|,‖δ‖2≤2
√
|S|

1

2
√
|S|

δ>∇πV π(µ)

(2)
= 2

√
|S| max

π+δ∈∆(A)|S|,‖δ‖2≤1
δ>∇πV π(µ), (27)

where (1) is based on the fact that ‖δ‖ = ‖π − π‖2 ≤ 2
√
|S|, and (2) follows that if

π + δ ∈ ∆(A)|S|, then π + cδ ∈ ∆(A)|S| for some constant c and importantly if δ attains the

maximal value, so cδ does for c > 0.
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Proof of Theorem 2: Step (3)

Using the gradient domination lemma (Lemma 3) with (26) and (27), we have

min
t=0,··· ,T−1

V ∗(ρ)− V (t)(ρ)
(27)

≤ min
t=0,··· ,T−1

2
√
|S|

1− γ

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥
∞

max
π(t)+δ∈∆(A)|S|,‖δ‖2≤1

δ>∇πV π
(t)

(µ)

(26)

≤ 2
√
|S|

1− γ

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥
∞

(ηβ + 1)

√
2β
(
V ∗(µ)− V (0)(µ)

)

T

=
4
√
|S|

1− γ

∥∥∥∥∥
dπ
∗

ρ

µ

∥∥∥∥∥
∞

√
2γ|A|

(
V ∗(µ)− V (0)(µ)

)

(1− γ)3T
,

where the last step follows the choice of η and the definition of β. Note that

V ∗(µ)− V (0)(µ) ≤ 2(1− γ)−1; so letting T ≥ 64γ|S||A|
(1−γ)6ε2

∥∥∥∥
dπ
∗
ρ

µ

∥∥∥∥
2

∞
, we can ensure RHS is smaller

than ε.
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Summary

I From the view of optimization, smoothness and regularity conditions provide necessary

properties to build global convergence rate.

I We verify the smoothness in Lemma 2 (though actually we do not).

I We verify the gradient domination condition in Lemma 3.

I The convergence rate of projected gradient ascent is obtained in Theorem 2.
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Extension: Other RL Problems

I The same routine (e.g., smoothness and gradient domination verification) in linear quadratic

regulator (LQR).

– https://antonxue.github.io/sketches/antonxue-ese680-final-report.pdf

I Extension to generative adversarial imitation learning [Cai et al., 2019, Zhang et al., 2020,

Guan et al., 2021].
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